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The initial stimulus to the work undertaken in this thesis was a suggestion 
by professor Peaslee that I should examine the question of developing a finite 
theory of charged particles of spin one.
work of others, duly acknowledged; k>ds otherwise in. essence and in detailitis the 
contribution of the undersigned.
It will perhaps be helpful to specify the particular major original elements 
in the thesist
(1) A formulation of the calculation of quantum electrodynamics of particles of 
various spin is given that does not involve the concept of renormalisation and yet 
does not reject graph theory [See Chapter II and subsequent Chapters],
(2) Improved methods of handling infra-red divergences are suggested by our 
dispersion theoretic treatment of spin 1/2 [See Chapter III],
(3) The first account of the quantum electrodynamics of "vector spin zero" is to 
be found introduced in Chapter I, Section 2, and in Chapter 4, Sections 2, 3.
(4) The first oruer radiative correction to photon propagator in Lee and Yang’s 
theory of charged spin one is calculated (for g >  0) in Chapter VI,
(5) A new theory of the vector spin one which provides asyriptotically correct 
values of the charged particle and photon spectral weights is given in Chapter VII.
(6) In Chapter V a new theorem relating to 10 x 10 Duffin Kernmer ,8 matrices is 
proved, and shown to lead to a very convenient method of confuting the trace of 
10 x 10 ß matrices.
(7) In Chapter VIII we examine jin a dispersion theoretic manner; a count er exanple 
to ■»Yard* s Identity,
hone of the material of this thesis has been used by me in any previous thesis.
0 ,The thesis itself comprises of necessity much well known matter £ some 4 S
(viii)
iiiGKITOVjliSPG-El jjUMTS
I  -would l i k e  to  th a n k  p ro f e s s o r  D .C. P e a s le e ,  who su g g e s te d  th e  p rob lem  
whose f u l l  e x p lo ra t io n  l e d  to  th e  v a r io u s  e lem en ts  o f  t h i s  t h e s i s ,  and p ro v id e d  
much needed  encouragem ent a t  d i f f i c u l t  p e r io d s .
Prom p r o f e s s o r  P e a s le e  I  have 1 ea rn ed  an  o v e r a l l  app roach  to  r e s e a r c h  i n  
P h y s ic s  f o r  w hich I  am p a r t i c u l a r l y  g r a t e f u l .
A t v a r io u s  tim e s  I  a lso  had v e ry  s t im u la t in g  d is c u s s io n s  w ith  P ro fe s s o r  
K .J .  Le C o u te u r.
M rs. R o b e rtso n  ta c k le d  th e  a c tu a l  ty p in g  o f  th e  t h e s i s  w ith  h e r u su a l 
I e f f i c i e n c y .
( ix )
NOTATION
=. c  = i
We w r i te  a fo u r  v e c to r  k w ith  G-reek s u b s c r ip t s  and s p e c ify  coirponentsl^US 5








II ( ko> k±) = ( k ± > \ )
w here o
* II -  ik ,  i s  r e a l4  5
e .g .  i II ( t ,  x  = r )  = (x ,  i t )
a =
p>
( - a / a t ,  a /a r )  = ( a / a r ,
, U n less  in d ic a te d  to  th e  c o n t r a r y ,  r e p e a te d  G reek 
in d ic e s  a re  summed from  1 to  4 ,  r e p e a te d  Roman in d ic e s  from  1 to  3*
E x p l i c i t l y ,  a ;j -a_b_ + a1b1 + a ^  + a^b yo o
a . b .  + a ,b ,i i  4 4
A d jacen t dummy in d ic e s  a r e -dropped w ith o u t cau s in g  am biguity* 
e-S-j t V =  i f j j y  l £  = » \P i !
pa = p^y = Pi i^ ,
)Tp rq = ppV p" = pxp£p> j; »
xPy x F  y H j-LV v
B ra c k e t p a i r s  b e a r in g  a n u m erica l a f f i x  a re  d ropped  w herever t h i s  can be done 
w ith o u t c a u s in g  any am b ig u ity  *
e *s* j ßp2 = ( ßxPK) 2 j p * p ”2 = ( p j p ^ ) 2 ^
-»Ke
where a f r e e  in d e x  must be a b se n t on^LHS,
We -w rite dk die, dk_.dk _o 1 2 3
and d^k = dkn dk0d k , *
We g e n e ra l ly  om it th e  comma in  \ \  ( p ” , p*)  to  w r i te  V,. ( p up * ) ,  
in d ic e s  on p u and p ’ b e in g  c o n s id e re d  n o n -a d ja c e n t.
th e  i m p l i c i t
I ( M  )
H. A. COHEN
DISPERSION THEORETIC APPROACH TO GRAPH THEORIES
OE CHARGED PARTICLES OF SPIN 0, l/2, 1.
ERRATHS
Page 0» and throughout Chapter 1
Remove the bracket pairs about equation numbers
wherever they appear.
Page 1, line below 1.8b
Replace the sentence commencing "A wave function..." by: 
"Such irreducible representations are utilised in 
quantum mechanics to describe free particles of mass 
and of spin j."
Page 5« line 5 from bottom
Replace the last five lines of page 5 by:
"Before making some first steps in a more satisfactory 
explicandum of R,S theory we recall that one equation 
suffices to describe spin one-particles: the Proca-
Maxwell equation 2.60 entails the supplementary 
condition equation 2.9. In analogy we write down 
the single equation
[ C m y g *  l/2 = 0 k.3
in which the coefficients A,B,C are to be chosen such 
that our equation 4.3 entails the condition 4.1b."
Page 11, line 11
Delete lines 11-14 inclusive, replace by:
"Principle B asserts that the graph elements derived 
in the usual perturbation theory of the interaction 
of the quantized electromagnetic field with the charged 
quantized Dirac spin 1/2, scalar spin zero, and 
5 x 5 ß spin zero field be taken as axiomatically true, 
i.e. we neither affirm nor deny the usual theoretical 
foundation, namely the Lagrangian formalism and 
Dyson-Wick procedures. In the case of theories of charged 
particles where the Dyson-Wick procedure fails to yield a 
finite covariant algorithm for electrodynamic processes, we 
propose to follow the Dyson-Wick procedure as far as 
possible, and make a minimum number of speculations in 
order to determine the sought graph elements."
0C hap ter I
PREE PIELDS OP DEPDJITE SPOT
1 . Scope o f  t h i s  C hapter
'The re q u ire m e n ts  o f  in v a r ia n c e  o f  quantum m echanics w ith  r e s p e c t  to  some 
group o f  tr a n s fo rm a tio n s  o f  sp a c e -tim e  im pose q u i te  r i g i d  r e s t r i c t i o n s  on p o s s ib le  
wave f u n c t io n s  ( s t a t e  v e c to r^ .  The wave fu n c t io n  must tra n s fo rm  ac c o rd in g  to  
one o f  th e  linear*  r e p r e s e n ta t io n s  o f  th e  p a r t i c u l a r  g roup . The most g e n e ra l 
group t h a t  has been  t r e a t e d  i s  th e  inhom ogeneous L o re n tz  g ro u p , c o n s is t in g  o f  
a l l  fo u r-d im e n s io n a l t r a n s l a t i o n s  and r o t a t i o n s . 1 The r e a d e r  i s  r e f e r r e d  to  
th e  p a p e rs  o f  S hirokov (JETP 1958) f o r  a l u c i d  in t r o d u c t io n  to  th e  c l a s s i f i c a t i o n  
o f  th e  i r r e d u c i b l e  r e p r e s e n ta t io n s  o f  th e  inhomogene u s  L o re n tz  group. We v/ish  
to  p ro b e  th e  p rob lem  o f  d e te rm in in g  r e l a t i v i s t i c  wave e q u a t io n s ,  u s in g  th e  work 
o f  W igner a s  a b a s i s .  Under th e  i n f i n i t e s i m a l  tr a n s fo rm a tio n
X + E + S X , Ep ^p jj,v V; pV =  — e I  1 ,1P P ~ ■ 'pV ' J1  vp
a wave f u n c t io n  w hich i s  a r e p r e s e n ta t io n  o f  th e  inhom ogeneous L o re n tz  group
un d erg o es th e  tr a n s fo rm a tio n
0 0 ' ( l  + i g p + ^ s  M .v ^ p  *p 2 pv pv'' i
1 o \
- L .  c i /
w here p^ and a re  in d ep en d en t o f  g , s ^ .  
D e f in in g
üp “ Mpv ‘ V j 
"Hj* ” 2i  e\pvplvipvPp y
1 .3
,1.4
an  a n a ly s i s  o f  th e  com m utation r u le s  s a t i s f i e d  by th e s e  q u a n t i t i e s  shows .th a t  
we can make th e  i d e n t i f i c a t i o n s *
1.
p - Iviomentum o p e ra to r  . 1.5 ,
gix! C en tre  o f  i n e r t i a  o p e ra to r  , 1 .6
r p - I n t r i n s i c  s p in  o p e r a to r . (1 .7 )
The i n t r i n s i c  s p in  o p e ra to r  commutes w ith  th e  momentum o p e r a to r ,  i . e . - i t  d e t e r -  
m ines a t r a n s l a t i o n a l l y  in v a r i a n t  q u a n t i ty .  The o p e ra to r s  p and P  b o th  commute 
w ith  and i . e . 5a re  in v a r i a n t  o p e ra to r s  f o r  th e  r e p r e s e n ta t io n  o f  th e  
inhom ogeneous L o re n tz  group,
Wignei showed [ s e e  S h irokov ] t h a t  th e  p h y s ic a l ly  i n t e r e s t i n g  i r r e d u c ib le  
r e p r e s e n ta t io n s  o f  th e  inhom ogeneous L o re n tz  group may be c h a r a c te r i s e d  by th e  
i n v a r i a n t s
-p 2 = ^  0 , 1 .8a
T  = i ( j  + 1)iiP } 2j  i n t e g r a l  , 1 .8b ;
A wave fu n c t io n ,  o r in  quantum f i e l d  th e o ry  a f i e l d ,  jüf,which i s  an i r r e d u c ib le  
r e p r e s e n ta t io n  a s  s p e c i f i e d  by (1 .8  a ,  b ) , i s  u sed  to  d e s c r ib e  a f r e e  p a r t i c l e  
o f  mass m and o f  s p in  j .
I n  p r a c t i c e  such  a $  i s  alw ays ta k e n  to  b e  o f  th e  form  o f  a r e p r e s e n ta t io n  
o f  th e  d i r e c t  p ro d u c t o f  (Homogeneous L o re n tz  Group) x  ( T r a n s la t io n  Group) e .g .^  
A (x) i s  a v e c t o r i a l  r e p r e s e n ta t io n  o f  th e  homogeneous L o re n tz  g ro u p , and a ls o
a r e p r e s e n ta t io n  o f  th e  t r a n s l a t i o n  group ( th e  t r a n s l a t i o n  o p e ra to r  p
»»
- iap |i
f o r  t h i s  S ch rö d in g e r ‘p i c t u r e ’ ) .  The e q u a tio n s  (1 .5 )  and (1 .6 )  mean th a t  jZ (^x) ;
( i )  s h a l l  s a t i s f y  ^1 e i n '•Gordon e q u a tio n  fo r  mass m 5 
( i i )  be an e ig e n k e t dfjfp1" o p e ra to r  i . e .  ^ ^ ( x )  = j ( j  + l)m 2jZf(x) .
Below we d e te rm in e  th e  sq u a re d  sp in  o p e ra to r  T* 2 fo r  v a r io u s  r e p r e s e n ta t io n s  
f o  f in d  th a t  in  th e  ca se  o f  bosons o f  s p in  ^  l * ( l . 8 a ,  b) a re  s u f f i c i e n t  to
+1,6 "Hed e te rn d n e ^ e q u a tio n  o f  m o tion , and for^Lemmer f i e l d  th e  ß a p p ro p r ia te  a re  p r e c i s e ly
4i)t - f i e l d}
s p e c i f i e d ,  ,/e a lso  f in d  th e  sq u a red  s p in  o p e ra to r  fo r^ D ira c  s p in  l / 2 ja n d  fo r  th e
2 .
R a rita -S c h v /in g e r  f ie ld .  we g iv e  an acoount t h a t  i s  analogous to  our tre a tm e n t o f  
th e  v e c to r  f i e l d ,  and sheds some f u r th e r  i n s ig h t  th e re o n .
«
[ i n  t h i s  C hap ter we a t  tim es  e x p l i c i t l y  work in  th e  S ch rö d in g er p ic tu r e .
However a l l  f i e l d  e q u a t io n s  n o t in v o lv in g  9 ho ld  good in  H eisen b erg  r e p r e s e n ta t -
P*
i o n ^  we conclude t h i s  3  action  by q u o tin g  S h irokov  once morel
’The u n s a t i s f a c to r y  n a tu r e  o f  th e  p r e s e n t  scheme [o f  d e s c r ip t io n  o f  e lem en ta ry  
p a r t i c l e s  o f  h ig h e r  s p in  e .g .^ B h ab h a] i s  o b v io u s sim ply  from  th e  f a c t  th a t  i t  g iv e s  
n o t a s in g le  e q u a tio n  w hich can be  u sed  fo r  a co m p le te ly  c o r r e c t  c o n f ig u ra t io n  
d e s c r ip t io n  o f  a s in g le  p a r t i c le ^ a n d  w hich le a d s  to  a p o s i t i v e  d e f i n i t e  n o rm a lis a t­
io n  and  en e rg y ’ . He w ish  to  fo cu s a t t e n t i o n  on th e  n eed  f o r  ’ c o r r e c t  c o n f ig u ra t io n  
d e s c r i p t i o n ’ , w hich we l i m i t  to  mean th a t  we seek  wave fu n c tio n s  d e s c r ib in g  
p a r t i c l e s  o f  d e f i n i t e  s p in .
2 . V e c to r  P a r t i c l e s
The v e c t o r i a l  r e p r e s e n ta t io n  o f  th e  homogenous L o ra n tz  group 0, under 
L o re n tz  t r a n s fo rm a tio n  ()»() tra n s fo rm s  flo w s “
0, (6 Q + e 9 6 Q + e 0)0O ' a ß  p, p, aß aß'^ß
whence
pv - i  (6 6 . -  6 6 ) „' ixa vß jip va;
p i
2.2
3a i O ^ r / o r
so th a t  by (£4; the in t r in s ic  sp in ^ of vecto r  p a r t ic l e s  i s  g iven  by
 ^ ^ a ß  = eXaßY Py * ^
The squared sp in  operator i s  then
aß -2  (P 6aß -  p a p ) . 2.4
2 2For a v ec to r  f i e l d  0  s a t is f y in g  (p + m ) 0^  = 0 ,  th e  e igenvalue
equation
= 3 ( S + l ) m 2 ,C(o , s > 0  } W-
1 2  2 w hich reduces to PqP q^ r = — [ s + s -  2] m
can be seen  Oj\ m l t i p l i c a t i o n  by p^ p^ to  have th e  so lu t io n s  s  = 0 , 1 .  Thus
we can d is t in g u is h  two c la s s e s  o f  what we c a l l  v e c to r  p a r t ic le s !
_ 2  1 2 1 Spin  one vecto r  p a r t ic le s  * \ ft = 2 m' ft > 2.C
Spin  zero v ector  p a r t i c l e s j f 2 jP  = 0 5 2.7.
whence by (2 .4 )
[ ( p 2 + m2) 8ap -  pa p p] = 0 , (2.6a
and
tP2 6aß -  Pa Pß] V  = 0 • ,2 .7 b
fbi? a wave fu n c tio n , (j)i Uoscribi'iß. a )>a^hc/e ° /   ^ m QHien'bum. j>
(p 2 + m 2) / =  0
so th a t  5
(p 0 p ß + “ 2 s ap) ^p° = 0 . .2 .6
4,
E q u a tio n  (2#6a) i s  th e  Proca-M axw ell e q u a tio n ; we n o te  t h a t  i t  im p lie s  t h a t
p 0  = 0 1 2# S
w h ile  e q u a tio n  (2 .7 3 ) l ik e w is e  im p lie s  th a t
P J P j / ’p = P2/ „  • ' V2.10
3« D irac  P a r t i c l e s
T hese m assive p a r t i c l e s  a r e  d e s c r ib e d  by a d y a d ic  s p in o r  which tra n s fo rm s
4lne f i n i t e I  +ri«i5^-o<
hom om orphically  w ith ( l . l ) t F « ^
t q
t) —► \i) = (1 + g 5 + r e  Y Y )ifY Y '  ^ ji jj, 4  pa ' p 1
■^LLV ” 4 i  ^LlTv ” ;
and
r \  = - b4e\p.vp^p,^v^p *
S o th&k
r x2 -  1 6 ekaßYeXp,vp^a^ß'l ii^v^>Y^ P
J  2
~ 4  P -
fo llow s»  t h a t  a d y ad ic  s p in o r  s a t i s f y i n g






does d e s c r ib e  a p a r t i c l e  o f  s p i n —, i . e . ,
V  - 3 2 ,
1 't  = 4  m 1I> ( 3. 6 ,
5We can r e s t r i c t  th e  f i e l d  equation  fu rth er by p o s tu la t in g , co n sisten tfy v ith  3*5 > 
th e  Bhabha form
(iy p  + m)^ * 3.7
which i s  o f  course th e D irac  equation fo r  negaton o f  mass m.
4 . G en era lised  RS Theory
R arita  and Schwinger (1941) -wrote down^as an a lt e r n a t iv e  to F ierz  and P a u li 
( 1939) d e sc r ip t io n  o f  p a r t ic le s  o f h a lf - in te g r a l  s p in , two equations 5which^for 
th e  ca se  o f  sp in  3 /2  are
( iy p  + m)*|> 3//2 = 0 ^
VV
3 /2 0 .
4 .1 a
(,4.1b
-4hj. 4 - / ^
The wave fu n c t io n  has both  dyadic sp inor and ten sor in d ic e s I j y  are^usual
D irac m a tr ic e s . These eq u ation s taken to g eth er  im ply
3/2 .  n
3^
P ^ '4 . 2;
4 k<L iZ{
Rarita^Schw ingor f i t t e d  tfwttthis equationKas f y d f  hasaw^-appropriate number Jof
independent p lan e wave so lu tio n s^  and Jslä (b) th e  square o f  the non-covarian t
1 j- 4 l\e  4Ke
i n t r i n s i c  angular momentum has v a lu e  i n v e s t  frame o f j p a r t ic l e .
B efore  making some f i r s t  s te p s  in  a more s a t is fa c to r y  explicandum o f  R-S 
theory^we r e p la c e  (4 .1 a )  and (4 .1b ) by a s in g le  equation  in  analogy to  th e  way 
th e  Proca-M axwell equation  (2 .6 a )  e n t a i l s  th e  supplementary c o n d itio n  (2 .9 )  fo r  
sp in  one. T h is  equation  we tak e as
[( i/+ m )6 [iv + A(y^ ip v + ip^Yv) + B Y ^ /y,, + ]>i>v = 0 '4.;,
6.
On contraction with y^ one deduces
2(1+2A) ip^ = [ (A+4B-1) i £ + (l-t-40) m] y^ X
and on contraction of (4*3) "with ip ^Ks» lässt
[ U+l) i^+m] ip^ 2 = [ - (A+B)p2 + Cm l£] yv oj^ 3^
Then^provided A / - — ,
(3A2+2A+1-2B) p2 yv ^v3//2 + (2A+4B+2C) m y^ (4C4a)y^3/? Q
Setting
B \  A 2 + A +
- 3A - 3A - 1
1)
yields equation (4.1b) at once, Whence (4*2) and ultimately (4.1a) is seen to 
hold for a ' § ^ 2 satisfying (4.3)»
Moldauer and Case (1956) first wrote down the Lagrangian for equation 
(4.3) - though unfortunately with a misprint for B.
V/e how Qvw- i© -fcs* compute the intrinsic spin operator for a quantity
tJj which transforms underjinhomogenous LorentzJ(to first order in infinitesimals);
«ar
il) —> \b =[6 + $ 9 6  + e + t £ d T Yq6 1 ^Yp Yp 1 pv p p pv pv 4 aß ‘a'ß pvJ Yv j 4*4
whence
T\ 2i e\aßy A,iaß ^  y^ e\pv8 " 4 e \aßy ^ a^ ß^ y^ pv 4.5
7Then th e  sq u ared  s p in  o p e ra to r  f o r  t h i s  r e p r e s e n ta t io n  i s
11 2
11 2 R —r p  0 4  ^ JJLV
p ) - f  p -. \ r  4  r
jL
2 e\p.vp 8Xaßy
+ 2 P ^ v  -  2 p 2( y11yv -  i j r J  ■
„ 1 o  2 „ 2 c
+ 2 PnPv -  2 2 P YJ1YV “ 2 p 6
p j ?«y „y <
- 2 PvV
- 7 2  
4-  p 8 ^  -  p  Ylir v ♦ i y v + i
3 2




We n o te  fo r  f u tu r e  u s e  th a t
T-» 2 7 2 2 , 2 / 2
pn n  txv = -  4  p p v -  P i  + P i  Yv + P Pv
\  f 2nv = -  {  p2 Yv ■ 4  P2 Yv + P2 r v + 4  Pv ^
19 2 , /
= -  4  p Yv + ^  Pv 2  ,
The com m utator^ 0j- ^  an «-< T7* v/ant-s Ws*
r 2^v ] = “ P2 YjIYv ] + P^ [£> t Yv ] + Pv \.£> Y^ f\
= -  P2 S fo ^ -P ^ jY  ) + P^ (2p2Tv“ 2pv/ )  + Pv ( -2 p 2Yll+ 2 p ^  (4.9 ',
= 0  w
We a ls o  n o te  t h a t  th e  m a tr ix  P ,  P = p com m tes w ith T 1^  ^ i . e . ,
[ r 2,p] = 0.
Thus one can c o n s i s te n t ly  r e q u i r e  b o th




and ( iy p  + m) \})J v = 0 4. 1<
We now c o n s id e r  th e  e ig en v a lu e  e q u a tio n  f o r  s p in  — ^
r " $ 21 p.v Yv 4  “ 2 ’tp 2 *
C o n tra c tio n  w ith  p ^ , shows t h a t  (p 2 + m2) Pv = 0
4 .1 3
c o n t ra c t in g  w ith  y y i e ld s
n*
[ -  ^  p \  + Pv £\ = 4 “ 2 Yv V  . 4 .1 4
i . e . ,
1 2 I
J* P ,  4 ,2  = "  m Yv V  ,
1 1
IB hence ^  Yv V  = Pv V  „ 4 .1 5
JCowThis e q u a tio n  i s  c o n s is te n t  w ith  th e  fo rm ula
1
^ 2  = ^  > ( i  Y P + m) ^  = 0 j 4*16
whence
I  2 I
^  V ^ 2 = ^ ^ 4  = p 4 = p  p  + = p v^ v2 # v4-14
The R-S wave fu n c t io n  d e s c r ib in g  s p in  ^ /2  must s a t i s f y
r 2 * 2  = ^  i t i  ,JJLV YV 4  Yjl * 4 .1 8
On c o n t ra c t io n  w ith  p we o b ta in
P-
3
(p 2 -  5m2) p^ 4^2 = 0 4 .Ü
C o n tra c tio n  w ith  y ie ld s
p o 1  1
(19  V + 15 m ) Y(i ^ 2  = 16 $  pv i>v2 4.2-
9.
The r e s t r i c t i o n  to  d e f i n i t e  mass m f o r  th e  s t a t e  f u n c t io n ,  
2 2i . e . , p + m ^ -0  shows th a t  (4 .1 9 )  im p l ie d
p il> 2 Yv On 21)
and f u r th e r  (4 .2 0 )  and (4 .2 1 )  y i e l d
Y, x V  = °* 4 .2 2 )
5 . The Kemmer E q u a tio n
The f i e l d  eq u a tio n
(iß p  + m)0  = 0 9
f o r  ß^ s a t i s f y i n g
ß . + ß . = ß 6. + ß 6.
jjlX v  vAp, jo, A v  v  Ap. y
5.1
>(5.2.
was w r i t t e n  down by Kemmer (1 9 3 9 ). What fo llo w s  i s  v e ry  much i n  th e  s p i r i t  o f  
Kemmer1 s  p ap e r where (ß.i) a n d (ß .2 ) a r e  ta k e n  a s  axiom s and th e  p r o p e r t i e s  o f  th e
f i e l d  f t  su b se q u e n tly  deduced. Now as  b y (5 .2 j^
[ ß  -  ß , L tp,v * vp,’
iii—i<<
OQ. ß 6 .  -  6 6 ,  r p, vA r v |iX j (5 .3 )
we have M =p.v - i  (ß  -  ß )V pLV ' V|T 5 5 .4
UJt hence ii 2 eAp,vpißp.vp p ' ,5 .5 )
B e fo re  c a lc u la t in g  th e sq u a re o f  th e  i n t r i n s i c  s p in  o p e ra to r F  , we n o te  .  t h a t  . A J
by ( 5 .2 ) ,
d e f in in g M = ß ß (summed) .• p, v v ' 3 (5 .6 )
th e  fo llo w in g  c o n t ra c t io n s  h o ld




Mß + ß M = 5M 
P I* .5-6
T *9 = p 2ßliß DßLL‘ßD “  ß i i  ßP ß i t  ßP ”  ßii ß Q ß Q ß ii P 2 + ßnßPßPßn -  ßP ßQß0 -PP P P P P P  P P P P p P P P
-  p 2 M(>M) -  2 (ßp2)(iv>.2) ,
5.5 
5.1C
The form  o f  t h i s  e x p re s s io n  i s  r a th e r  i n t e r e s t i n g .  We se e  t h a t  i f ^ f i e l d  0 s a t i s f y i n g  
has sp in  S,
i . e .  j  V 20 = S(S + l)m 2 0 . 5.11
th e n  M (> k) + 2(1^ 2) = S(S + l ) #
Thus f o r  s p in  one :
(M -2)(>M ) = 0
w h i l s t f o r  s p in  zero  %




An ex am in atio n  o f  th e  r e p r e s e n ta t io n s  o f  th e  Kemmer a lg e b ra  shows th a t  (5 * l3 ) is  an 
e q u a tio n  v a l id  i n  th e  10 x  10 i r r e d u c ib l e  r e p r e s e n t a t io n ,  w h ile £5*14) h o ld s  fo r  -fke 
3 x 5  r e p r e s e n ta t io n s .  The key p o in t  i s  t h a t  th e r e  a r e  i n  th e  ß a lg e b ra  th r e e  
l i n e a r l y  in d e p en d en t q u a n t i t i e s  t h a t  commute w ith  a l l  o th e r  e lem en ts . One o f  th e  
q u a n t i t i e s  i s  th e  i d e n t i t y  e lem en t, a n o th e r  i n  te rm s o f
2? -  Z'O n (p ( p ( v
2(ß  ) -  1 ,  '  \v 1
- 2k + 10M -  16
5.14
5.15
Aiiet This must be a scalar matrix in a particular irreducible representation.
We se e  from  M = M + 2 k 'ts  ~ti ~ 5.162 2 'ß 2 ß 2p v >
;h a t ( S ^  -  = ( 2 f 2 -  8)0 1.17
showing th e  r e l a t i o n s h i p  betw een and th e  q u a n t i ty  o f  (5 ,13),
n
CHAPTER I I
A NEW APPROACH TO CALCULATIONS IN  THE QUANTUM FIELD  THEORY OF CHARGED PARTICLES.
The c a lc u la t io n s  we p e rfo rm  in  su b seq u en t c h a p te rs  oewf»»ee th e  f i r s t  expos­
i t i o n  o f  quantum e le c t r o  dynam ics th a t  does n o t in v o lv e  th e  concept o f  r e n o rm a lis ­
a t io n  and  y e t  does n o t r e j e c t  g raph  th e o ry .
Two p r in c i p l e s  g u id e  u s  I
P r i n c i p l e  A a s s e r t s  th e  v a l i d i t y  o f  th e  d i s p e r s io n  r e l a t i o n s  a p p ro p r ia te  to  th e  
q u a n t i t i e s  to  be  c a lc u la te d J  some o f  th e s e  D R jb ^ ttp  w e ll known, o th e r  p o s tu la te d  
by  us f o r  th e  f i r s t  tim e . T h is  p r in c i p le  i s  u sed  to  he lp  u s  a s c e r t a in  th e  g raph  
e lem en ts  f o r  new th e o r ie s ^ a s  w e ll a s  p ro v id in g  o u r b a s ic  co m p u ta tio n a l id e v ic e . 
P r i n c i p l e  B a s s e r t s  th e  c o r r e c tn e s s  o f  th e  w ell-know n g raph  e lem en ts  fo r  D ira c  
s p in  1 /2 ,  s c a l a r  s p in  z e ro , and 5  x 5 ß s p in  z e ro ’, and p r e s c r ib e s  th a t  a s  much 
o f  L a g ra n g ian  fo rm alism  and Dyson-W ick p ro c e d u re s  a s  seems s u b s ta n t iv e  be u t i l i s e d  
to  d e te rm in e  th e  g rap h  e lem en ts  f o r  p re v io u s ly  u n c o n s id e re d  th e o r i e s .
We f i r s t  a d d re s s  a t t e n t i o n  to  p r in c i p le  A. T here  a r e  e x ta n t s o - c a l l e d  d e r iv a t ­
io n s  o f  d i s p e r s io n  r e l a t i o n s  b ased  on th e  b a s ic  p o s tu la te s  o f  f i e l d  th e o ry .  Such 
p ro o fs  a lw ays u se  a r e l a t i o n  o f  th e  form
f (x )  = exp ( - i p x ) f  (o ) exp ( ip x ) 1.1
w here th e  o p e ra to r  p i s  c l e a r ly  th e  g e n e ra to r  o f  i n f i n i t esim al t r a n s la t io n s ,
W ithou t j u s t i f i c a t i o n ,  th e s e  p ro o fs  ( e .g .  Lehman (195^-)) i d e n t i f y  p w ith  4  momen­
tum mv. Now f o r  a ch arg ed  p a r t i c l e  th e  " c a n o n ic a l"  momentum p = mv -  eA Jo
cunei
t h i s  p^ i s  n o t even gauge in d e p e n d e n t  so does n o t seem s u i t a b l e  to  f i l l  th e  r o l e  
o f  g e n e ra to r  o f  i n f i n i t e s i m a l  t r a n s l a t i o n s ,  b u t j u s t  what o p e ra to r  f i l l s  t h i s  r o l e  
we must i n s i s t  i s  an open q u e s tio n  [ s e e  T a s s ie  (1 9 6 4 )] .
Nov/ th e  v a r io u s  q u a n t i t i e s  we e v a lu a te  busing  th e  g rap h  e lem en ts  s p e c i f i e d  by
/I
Principle ß jcould be evaluated in normal renormalisation theory and then shown 
to satisfy the DR we use* However, the very point of our method is to circumvent 
renormalisation theory by use of the DR, so we can scarcely claim the results of 
unperformed calculations [in renormalise.tion theory] to bolster our procedures.
As to principle Bj Its adoption means that we are concerned with the eval­
uation of the usual graphs, Landau (1959) considered the graph with N internal 





The are linear combinations of the k_^  and the external momenta p^. On intro­
ducing a Peynman parametrization one gets
Gr = d0N d\ • • * B D_I: 6(1-0), 1.4
where D = 2 a. A. } a = 2 a. 1,5l i  i •l
As one can eliminate terms linear in k^(by the usual axes shiftingjjit is dear
that on its principal branch G- has no singularities for sufficiently small, real
2Landau showed that the first singularity of G- reached as the p^ are increased 
occurs^when^for each i ^
a JL = ^ (no sum) ? 1*6
and for each closed loop^
2 a.qi = 0 , 1.7
Landau pointed out that a singularity of G- exists when 1.7 is satisfied with 
arbitary a, so that, in general, the’first singularity' is a branchpoint. The
/ 3
d i s c o n t in u i ty  o f  G a c ro s s  a b ran ch  c u t s t a r t i n g  from  a p o in t  s p e c i f i e d  oy 1 .6  and 
1 .7  i s
d is c  G- = 1 .8
•H e.
G . i s  th e  ’p h y s ic a l  v a lu e ’ o f  th e  g raph  fo r  r e a l  p . .-p .  and is ^ v a lu e  ob-cained 
by g iv in g  th e  m asses sm all n e g a t iv e  im ag inary  p a r t s .  The g raph  o b ta in e d  by g iv in g  
th e  m asses sm a ll p o s i t i v e  im ag in ary  p a r t s  i s  G+^ £,
The d i s c o n t in u i t y ,  d i s c  G-, a c ro s s  a b ra n c h  c u t s t a r t i n g  from  a p o in t  s a t i s f y ­
in g  L andau’ s c o n d itio n s  1 ,6  and 1 .7  and th e  f u r th e r  s p e c i f i c a t i o n  d e te rm in ed  on 
r e l a b e l l i n g  l i n e s
JL = 0 f o r  i  m *, 0 f o r  i  >  m 1 .9
■was shown by  G utkosky (i9 6 0 ) to  be *
d is c  G < » i ) - / a \  . . .  aVJ 1 n  Am +  1  • * *
M 2)m ' 1.10
The s u b s c r ip t  p on th e  d e l t a  fu n c tio n s  means t h a t  o n ly  th e  c o n t r ib u t io n  o f
2  2  rpc-f
th e  ’’p ro p e r” r o o t  o f  + M = 0 i s  to  be ta k e n  -  th i s j b e in g  r e a d i ly  found gxeok
1 .7  w hich must be  s a t i s f i e d  w ith  n o n -n e g a tiv e  a ’ s « T h e  d i r e c t i o n  o f  th e  v e c to r  
q^ c o r r e s p o n d s ^  to  th e  d i r e c t i o n  o f  th e  co n to u r around  w hich th e  summation i s  ta k e n .
The D.R. s p e c i f i e d  by p r in c i p le  A l ik e w is e  g iv e  an  e x p re ss io n  f o r  d is c  G in  
te rm s o f  s p e c t r a l  w e ig h ts . Thus p r in c i p l e  A and p r i n c i p l e  B , com bined w ith  1 .10  
w hich we r e f e r  to  a s  Gutkosky* s p r e s c r ip t io n  f o r  d i s c  G, d e te rm in e s  th e  s p e c t r a l  
w e ig h ts  f o r  th e  q u a n t i t i e s  so u g h t.
I n  t h i s  t h e s i s  we i n  f a c t  o n ly  compute th e  lo w e s t o rd e r  r a d i a t i v e  c o r r e c t io n s  
to  p ro p a g a to rs  and > v e r te x .  For t h i s  p u rp o se  we need  th e  v a r io u s  i n t e g r a l s  ♦
-J*d^p’d^p” 6 (k -p ‘+p”)6^ [p * 2+m2 ]S^ [ p M^+m2 ] f ( p ’ , p ”) .I  [ f ]  mmL J 1.11
1.12
2 ;p = - m2
1.13a
1.13b
The ’basic* such integral is calculated in Appendix 1, various I ^[f] in Appendix 2,
integrals is sometimes difficult, but is performed once and for all to apply to a 
whole class of graphs I e.g.^the spectral weights for the propagator of all charged 
particles is very expeditiously determined in any photon gauge by use of Cutkosky's
Two other dispersion - theoretic approaches to quantum electrodynamics are 
alluded to at times in the text. These are*
tt
(i) Kallen’s approach, as is to be found outlined, in his Handouch der Physik
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article [Hallen (1958)]* This approach dispenses with graph theory and 
retains renormalisation as a procedure albeit in dispersion theoretic dress.
(ii) A possible approach utilising dispersion relations, the spectral weights 
being determined by unitarity. Some information re the nature of the inter­
action must be further supplied. Salam and Delbourgo (1964) have such an
propagator.
For both (i) and (ii) the integrals calculated in the appendices to this 
Chapter are an essential adjunct to the calculation of two body unitarity contribut­
ions. We give in Appendix I and in Appendix 5 examples of the trivially modified 
integrals that occur in these other approaches.
The first formulation of quantum field theory that did not require a renormal­
isation procedure was the LSZ theory [3se e.g., Schweber (1961)]. However the LSZ 
theory is far from amenable to application, to quantum electrodynamics^ and research
Ijt]  in Appendix 3“^> V[f] in Appendix 5* The calculation of these various
prescription leading to a particular I ^[f].
a p p r o a ch*they use Ward’s Identity
done i n  t h i s  f i e l d  has been  fo rm al and added!' l i t t l e  in s ig h t  in to  th e  r e a l  problem s 
o f  quantum e lec trodynam ics*  ^5ee Pugh (1964) f o r  a summary o f  such r e c e n t  in v e s t ig ­
a t io n s ]  ,
The c a lc u la t io n s  we p e rfo rm  in  su b seq u en t c h a p t e r s t h e  f i r s t  e x p o s it io n  
o f  quantum e lec tro d y n am ics  th a t  does n o t in v o lv e  th e  concep t o f  r e n o rm a lis a t io n  and 
y e t  does n o t r e j e c t  g rap h  th e o ry . Our own c o n v ic tio n  i s  t h a t  th o se  g rap h  th e o r ie s  
w hich a r e  found by o u r methods to  be f i n i t e  in v o lv e  i n t e g r a l s  w hich on s u i ta b le  
r e d e f i n i t i o n  o f  th e  in te g ra t io n *  o p e ra t io n  -  i . e .  an  e x te n s io n  p a s t  th e  d e f in i t i o n  
o f  L ebesgue -  would converge . C a ia n ie l lo  i n  v a r io u s  p a p e rs  p re fe re n c e s  a r e  g iv en  
in  Schweber (1 9 6 1 )j has reac h ed  t h i s  p a r t i c u l a r  c o n c lu s io n  w ith  r e g a rd  to  u l t r a ­
v i o l e t  d iv e rg e n c e s .
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I I  APPENDIX 1
DETAILED QjÜjGüLAI'IQN OF A PHASE B^EGRAL
I n  t h i s  A ppendix  we g ive, a somewhat d e t a i l e d  c a l c u la t io n  o f  th e  in t e g r a l
I ( t )  = J V k  5p[ ( t - k ) 2 *+ m2]6p [ k 2 + p2 ] . I I  A l . l
We have fo llo w ed  th e  n o ta t io n  o f  C utkosky (i9 6 0 ) i n  u s in g  th e  s u b s c r ip t  p on th e  
d e l t a  fu n c tio n s  to  d en o te  t h a t  th e  "p ro p er"  r o o t  i s  to  be  ta k e n . T h is  "p ro p er"  
r o o t  i s  th e  r o o t  a p p ro p r ia te  to  an  a n a ly s i s  o f  th e  Feynman i n t e g r a l
F ( t )  = ^ d S c  [ ( t  -  k ) 2 + m2 -  i e ] ” 1 [k 2 + p2 -  i e ] ~ ^  A 1.2
f o r  w hich th e  b ra n c h  c u t d is c o n t in u i ty  i s  g iv en  by C u tkosky’s p r e s c r ip t io n :^ »
d i s c  F ( t )  = (2 rc i)2 l ( t )  g A 1.3
The Feynman in t e g r a l  o f  A 1.2 i s  i n v a r i a n t  u nder t  — ► - t  ,
i . e . ,  F ( t )  = F ( - t )  ,  A 1.4
and th e n ce  a p p r o p r ia te ly  d e f in in g  p h y s ic a l  va lues^
d is c  F ( - t )  = d is c  F ( t ) 0 A 1.5
w hich p r e s c r ib e s  th a t
l ( t )  = l ( - t ) # A1.6
I t  i s  p o s s ib le  to  th e n  c a lc u la te  l ( t )  i n  a r a t h e r  p e d e s t r ia n  v/ay.
A pp ly ing  a Feynman p a ra m e tr iz a t io n  to  F ( t )  -  as  i s  done by C utkosky f o r  a g e n e ra l 
g rap h  -  g iv e s  [ Eden (1961 )] -
F ( t )  = J d S c  J* dx ( x  [ ( t - k ) 2 + m2 -  i e ]  + ( l - x ) [ k 2 + p^ -  i e ] ) ~ 2 ^   ^
A f te r  s h i f t i n g  th e  o r i g i n
F ( t )  = dx  J d 4k [ k 2 + L -  i e ] -2 ^ A 1.8
2 2 2 2w h e re } L = x m  + ( l  -  x )p  + (x  -  x  ) ~t c A1.9
T h is  e x p re s s io n  f o r  F ( t )  i s  lo g a r i th m ic  d iv e rg e n t . I n  th e  s p i r i t  o f  s u b t r a c t io n  
p h y s ic s  we can make th e  fo rm al s u b t r a c t io n  -  compare form al
/  T7
s u b t r a c t io n s  in J \d e r iv a t io n  o f  DR -
>1 r L
p ( t )  -  P ( t s ) = -  -  j dx J  dL J  d**k[k2 + L -  i e ] -3 A1.10
_  _ /r u
Then by e q u a tio n  A3 «12 o f  [ ja u c h  and Rohr l i e h  (1955)J  *i o r  I <s^cA is
F(t)  -  P ( t a) - i f - r L - ie B (2 , 1) A l . l l
-iic*
4 f dx [ lo g  (L -  ie )  -  lo g  (L -  i e ) ] A1.12
T h is  e q u a tio n  to g e th e r  w ith  A 1.9 d e te rm in e s  P ( t )  so t h a t  a f t e r  some c a r e fu l  a n a ly s i s  
l ( t )  can  b e  found  by u se  o f  Al*3* Hov/ever i t  i s  f o r  more i n s t r u c t i v e  to  e v a lu a te  
t h e  i n t e g r a l  l ( t )  d i r e c t l y  from  C utkosky*s fo rm u la  I I  1 .1 .  Our m ethod was su g g e s te d
M
by th a t  u sed  by R a l le n  [(1955) S e c t io n  29jyw here i n  th e  c o u rse  o f  a c a lc u la t io n  o f
vacuum p o l a r i z a t i o n  he im p l i c i t l y  c a lc u la te d
I ^ ( t )  = J  &Sc 6 [k 2+m2 ] 6 [ ( t - k ) 2 + m2 ] [ e ( k ) .+  e ( t - k ) ]
2 /, 2 n l / 2| e ( t ) [ l  + 4 m V t ^ ] - 2 Q ( - t2 -  4m2) ;
A 1.13
A 1.14
f o r  w hich o u r  a n a ly s i s  shows
i K( t ) I ( t )  f o r  t Q >  0 > . A 1.15
^Salami and D e lb o u rg o £(1964) A ppendix  i ]  s t a t e  th e  v a lu e  o f  th e  two p a r t i c l e  u n i t a r y  
p h ase  i n t e g r a l  >
I s ( t )  = j d 4k 6+[ k 2 + y -]6 + [ ( t  -  k ) 2 + m2] , A1.16
w here S+[k 2 + m2 ] = ö (k o)6 [k 2 + m2 ] s A 1.17
I t  fo llo w s  from  th e  d e f i n i t i o n  t h a t
I S( t )
On th e  o th e r  hand
I S( t )
0 f o r  t  <  0o





Thus th e  c a lc u la t io n  o f  l ( t )  g iv e s  d i r e c t l y  th e  m agn itude o f  I  ( t )  and I  ( t ) .  
We p ro c e e d  to  c a l c u la te  l ( t )  f o r  0 .  The n o n -v a n ish in g  c o n t r ib u t io n  to  l ( t )
comes from  th e  c o n flu e n c e  o f  th e  p ro p e r  r o o ts  o f  th e  d e l t a  f u n c t io n s :
t^  -  = [ (i£ _ t  A1.20
r r f  2 2 n l/2L k  +  \i J / A1.21
As l ( t )  i s  an in v a r i a n t  fu n c tio n  o f  th e  fo u r  v e c to r  t  we can d e te rm in e  i t s  b eh av io u r 
f o r  t im e l ik e ,  n u l l ,  and s p a c e - l ik e  t  by ta k in g  t  a s  ( t  , 0) , ( t ,  ?  ) and (0 ,  t  ) 
r e s p e c t iv e l y  -  c o rre sp o n d in g  to  c a l c u la t in g  i n  a  p a r t i c u l a r  r e f e r e n c e  fram e in  
f i r s t  and t h i r d  c a s e s .  W ith  t  = ( t ^ ,  0) , AJ.IQ an AJ*^I -p ly  t^  ^  m + p. o r
- t 2 ^  ^m + |i ) 2 ,
w ith  t  = (o ,  t  ) ,  AJ./O an. AU2i r e  c o n s is te n t  o n ly  i f  " t  = 0 as  w e ll a s  m = jjl = 0 .
W ith t  = ( I  t  l ,  t )  , t h i s  ty p e  o f  argum ent f a i l s  f o r  l ( t )  , a l th o u g h  K a l l e n 's
i n t e g r a l  I  ( t )  i s  seen  to  v a n ish  f o r  such  Ifo k tlik e  t .  We r e c a l l  t h a t  Landau (1959)
and T a y lo r  ( i9 6 0 )  showed t h a t  th e  i n t e g r a l
p ( t )  = ^  dSc [ ( t - k ) 2 + -  i e ]  1 j_k2 + JJ.2 -  i e ]  ^ y  A 1.22
2 2h as  a b ran ch  c u t w hich can be  ta k e n  to  be  on th e  r e a l  a x is  -  t  ^  (m + |i) !
th e  m agnitude o f  th e  b ran ch  c u t d is c o n t in u i ty  i s  c a lc u la te d  by G u tk o sk y 's  a n a ly s i s  
and  th e  m agnitude p r e s c r ib e d  i s  (2th 2 l ( t ) t  a l th o u g h  some f u r th e r  n o ta t io n a l  
re f in e m e n t seems d e s i r a b l e  we a r e  th u s  happy to  s im p ly  ta k e  l ( t )  as zero  f o r  b o th  
s p a c e - l ik e  and n u l l  t .  Then in  th e  s p e c ia l  r e f e r e n c e  fram e where ■£ = 0 ,
8 [ t  -  {t 2 + V)±/Z - , ( £  2  + m2) 1 /2 ]I ( t ) J d k 7  "/V 2 2 s i /  2 W  2 2s l / 24  (k + [L )  '  (k + m ) / A1.23
I n  te rm s o f  new i n t e g r a t i o n  v a r ia b le
,4  2 2s 1 /2  2 2s 1 /2y = ( k  + p, } + ( k + m ) /




t h e  i n t e g r a l  becomes
l ( t )  = n j & k 6 ( t  -  y) y  v om + \.i
[ t 0 + -  2(m2 + ti2) t o2 + (m2 -  p.2) 2]1/ 2e [t -  (m + |i) ] , A1.26
Hence i n  any r e f e r e n c e  fram e
i(t)
t  0/ 2 2v t  2 2\ 2 \ l / 2  0 0
I  (x + i k - U Ü . + ) e [ -  t 2 -  (»  + , ) 2 ] . A1.27
>  )
I I  APPENDIX 2
2 ö
VACUUM POLARIZATION PHASE INTEGRALS
I n  t h i s  A p p en d ix  we c a l c u l a t e  f o r  v a r io u s  commonly o c c u r r in g  f u n c t io n s  f  o f  
t h e  i n t e g r a t i o n  v a r i a b l e s  t h e  v a lu e  o f  th e  p h a s e  i n t e g r a l  I  [ f ]  w h ich  o c c u rs  
i n  t h e  c a l c u l a t i o n  o f  vacuum p o l a r i z a t i o n ?
I mm [U ■
-^p * d ^ p 116 ( p - p * + p") 6 ( p 1 ?+m2) 6 (P »2+m2) f  ( p * p " ) . I I  A 2.1
The v a lu e  o f  I  [ f ]  f o r  f  = 1 i s  a  s p e c i a l  c a s e  o f  th e  i n t e g r a l  e v a lu a te d  i n  
A p pend ix  I .  We wf-itt’
I mm I mm [1 ]
-rr ( 4m2 N1/ 2 ( 2 , 2v
~  ( !  + — 2 ) e (“ P -  ) c
A 2.2
A 2 .3
F o r  c o v a r i a n t  f ,  I  [ f  I i s  a  L o r e n tz  c o v a r i a n t  f u n c t io n  o f  t h e  f o u r  v e c to r  p .
The a p p l i c a t i o n  o f  i n v a r i a n c e  p r i n c i p l e s  m akes th e  c a l c u l a t i o n  o f  t h e  v a r io u s  
I  [ f ]  t a b u l a t e d  be low  v e ry  e a s y ,  when one  t a k e s  i n t o  a c c o u n t t h e  f a c t  t h a t  w i th in  
t h e  i n t e g r a l  t h e  f o l lo w in g  e q u iv a le n c e s  h o ld :
p ' 2 = p " 2 = -  m2 *, q = p* -  p "  3 A 2 .4
P V  = "  \  [ p ' 2 + P " 2 -  (p* -  P " ) 2 ]
= ~ \  (2m2 + p 2 ) , A 2.5
1 2
P 'P  = "  P MP = 2 P . A2.6
As a n  exam ple we c a l c u l a t e  1 ^  [ p '^  P*VJ • c o v a r ia n c e  r e q u i r e s
^  LP1^ p ' v3 = ( p 2 8 ^  A + p v B ) lm A 2.7
21
Contraction with utilising A2.4 gives
- m2 = 4p2A + p^B * A2.8
Contraction with p p using A2.6 gives|1 V
1 4 4 44 P = p A + p B 9 A2.9
Whence A = ~ 4 ( i; + ) * B = - (l + -^ )
J P
A2.10
We proceed to write down the various I^f} • 
t 71 t-\ ^  \1//2 a t 2 . 2NI = —  (1 + — tt ) ö (-P - 4m ) ,mm 2 ' 2 7 v *  7 A2.ll
I [p * 1 = “ I Ip "] = 4  P 1mm1 p4 mm v 7 2 p mm A2.12
I [p* p* ]mm w |i v4
2 2-4[(r+ii^ )p26 -(i +t Ipp ]i3 4 2 7Jr p N 2 7£p*v J mm #P P ^ A2.13
I fp* pH 1 mm ^  jjl1’ v4
1 r / 1 m2 \ 2~ / 1 m2 v -iT
3 l 4 + 2 ^  pv  ^ 2 + 2 > V v ] mm •P P
A2.14
i Fp" p* Tmm k [i v4 I (p' pH ) mm p v7 A2.15
I Fp" p" ]mm p^ V« X (pM P* ) mm '* pr v7 c A2.16
I [(p*+PM) (p*+pn) ] = — (l + ——— ) (p28 - p p )lmm ^ 7p^F ^ 7v j 3 ' ^2 pv Fp*v7 mm * A2.17
As all such I [fl are of the form mm J
Irnni[f(ptP") ] = h(p)*mm mm •) A2.18
vtfe may meaningfully state that for such f,
f(p*Pn) = h(p) A2.19
on the mass shell specified by A2.4,
2 2
I I  AEP3SNDIX 3
SKLF j KKRG-Y PHASE INTEGRALS
+,i6/e
I n  t h i s  A ppendix  weJftd&aMlE^ f o r  v a r io u s  commonly o c c u rr in g  fu n c tio n s  f  o f  
th e  i n t e g r a t i o n  v a r ia b le s  q , k th e  two p a r t i c l e  u n i t a r i t y  phase  i n t e g r a l  
[t  ( q ,k ) ] J
I mo c(p -q + k ) 8^ (q 2+m2)6 p (k 2) f ( q ,k )  . IX A3.1
The v a lu e  o f  I  [ f ]  f o r  f  = 1 i s  a s p e c ia l  c a se  o f  th e  i n t e g r a l  e v a lu a te d  i n
- f / ie
A ppendix I .  A l l  o th e r  I ^ [ _ f ]  ta b u la te d  below  may be  computed byjm ethod a p p l ie d  i n  
th e  p re v io u s  A ppendix  to  i n  t h i s  c a se ^ o f  co u rse5 u s in g  th e  mass s h e l l
r e l a t i o n s  ®
2 2 2q + m = 0 ,  k  = 0 ,  and p = q -  k  £ A 3.2
1 2  2 2w hich im ply  k .p  = k . q = -  — p ( l  + m / p )  ^ A 3.3
1 2 2 /  2n 
P*q = 2 P (1 -  m / p  ) * .
i  liHle one /*neSj -f A d "h ♦
ImD =- I in0 [ i ]  = f  ( i  + m2/ p 2) © ( -  p 2 -  m2) .
A 3.4
A3.5
trt ^orrViS o^ im c •
I [ a ]  = — ( l  -  m2/ p 2)p  Imo L q iJ 2 '  '  r /£ry* mo * A3.6
1 [k  ] s  -  — ( l  + m2/ p 2)p  Imo 1 |xJ 2 '  ' r  '  * ji mo * A 3.7
[q n Q-v] = [ 3 (1 “ ^ 2  +2k  V v  "  12 (lH^  -
P P P
A 3.8






I  [ k k ]  = (1 + iS- ) [p P -  - H  p2 ] i  Ä
mo L p. v J 3 V 2 '  L li V  4  J mo
2
I  [k  k k .]  = - t ( 1 + “'o ) ' ;>Ip P P \ “ 7: P^( p 5 \+P 6\ +P\ $ ) ] l  A3*Hmo L p. v AJ 4  v L p< v X 6 v^p, v \  Xp. ^X p , v ' J mo «*
WMfirvq
Tktepxng k = k k k k etc.,& p ,vpa  p, v p o
Xnc t V p a ] = (1 + 7  ^  H  * h p v 5pc] + 4 )  * ^ V p * 1!1®
A3.12
where by 2 [x ] we mean th e  sum o f th e  n term s l ik e  x.
I I  APPENDIX 4
*  *
DIFFICULT SE PHASE INTEGRALS
t f '
I I  A4.1
de\tr)& r  . k k •
I  = / d  k  6 [k  ]8 [ ( to—k) + m ] ■ -V|
jiv J  P L J P LV' '  k2 "
Such in t e g r a l s  o ccu r when th e  lo w e s t o rd e r  r a d i a t i v e  c o r r e c t io n s  to  th e  
p ro p a g a to rs  o f  charged  p a r t i c l e s  a r e  d e te rm in ed  i n  gauges o th e r  th a n  th e  F erm i. 
I n  th e  n o ta t io n  o f  th e  p re v io u s  append ix
I  = I  [k  k  /k*“] mo L jj. v J A4.2
b u t th e  methods u sed  to  e v a lu a te  th e  I  [ f ]  ta b le d  above a r e  n o t a p p l ic a b le  
to  I  . We must p ro cee d  by an e x te n s io n  o f  th e  method o f  A ppendix 1 . T h e re in[J.V
we s a t i s f i e d  o u rs e lv e s  t h a t  such  p h ase  i n t e g r a l s  v a n is h  u n le s s  p i s  t im e l ik e .
We th e r e f o r e  f i r s t  c a l c u la te  I  i n  th e  r e f e r e n c e  fram e where p = (p  ,o ; .a n d  
se t
a rb itra r ily jlte fc a e  Pc >  0*
We ta k e  [Tc j = x and p o la r  a n g le s  &, jrf so t h a t
4  Pd k = dk ^x 'd x d  (co s  9)d0  m A 4.3
Then
f
= J* ^  Sp [ k " ] 6 p [ ( p - k ) 2 + m2 ] k z 2/ k 2
; 6( k - x)  6( p -  k  -  Jx2+m2 ) x2 c os 2 G _ _4. N o / N - o o ’ '  / l - l








d(cos ö)cos Ö ( 8(p -x- x2+m2)
x +m
2 2_ _ 2 2 'ip - x + m + x  p - x +m - x ' A4.6
u^ e intro due £.
2 2y = x + m + x A4.7a
whence
x = (y -m )/2y •, x" 
dy = yd^/ (x2+m2)i///2
(y2+m2)/2y , A4.7b 
A4.8
V&iting
t t k t B
*33 ‘ 33 + X33 A4.9
/ il _i. , 2  2\ 2y 4y2 (y -m ) 8(p -y) p0-y+(y2-m2)/y A4.10




6/ dy 1 , 2 2\2y 4y2 (y2-m2)26(p -y)o po-y A4.12
To e v a lu a te  t h i s  i n t e g r a l  v;e need th e  T a y lo r  expansions
y' 3 = p 0" 3 [ i  +
/  2 2 \  2 (y  -m )
2 2x2
n o n -ze ro  p a r t  i s
3 (p 0- y )
+ • • • • J
po >
A4.13
r , 4po (po -y)
t 1 ” 9 9 • • • J . A4.14
p ^-m r o
l f d z [ e v e n  fu n c t io n  o f  z] v a n is h e s .  The
_ B tr
X33 = f. dy  p0“ 3 (p02-m2) 2 [ —  -  — ] 8( po- y)  A 4.15x o p -m
'  24 [ 3(1 )2  ‘  4(1 " ~ 2  ) ] ® (V m) A4.16
+ h  (1 + ^ 2  >2 (1 -  ^~2)Q (po“m) • A4.17
Thus i n  th e  ch osen  r e f e r e n c e  fram e
Ti <2 + -^2 >2 (1 -  )® (po-,n) A4.18
L o re n tz  in v a r ia n c e  p r e s c r ib e s  th e  form  o f  I  a sflV
A8 + B p p / pjiv *[rv r  3 A4.19
w here A and B a r e  L o re n tz  s c a l a r s .
E q u a tio n  A4.18 s p e c i f i e s  A i n  a p a r t i c u l a r  r e f e r e n c e  fram e . B i s  d e te rm in e d  
by c o n t r a c t in g  I  w ith  6 when one o b ta in s
17
Ta 4^  [k2]6j(p-k)2 + m2] = Im
\ (! “ ^  )ö (P0“m)
P„
We can now write down for arbitary e(pQ) the covariant expression for I
I v = [ %  (a - ^ > + j(1 + ¥  %  <1 + 4>e (-P2-“2) •
p p p p
2 2I [l/k ] and I [k /k ] may be evaluated in the same manner as mo L / J mo L [s J J
2
[k k y k  j = I We merely state the results:
o 2 2 - 2
I [l/k2] = -Sr (1 + -2- ) ImoL / J 4- 2 ' moP P
P.. 2m2 2 -1
W k2]= - ^ (1+ -T-)2p p p
■JV/1 ■ I <2 - )  . Sr * 1 11 * 4K»V r> -n n '
The relation p.k =— — [p2 + k2 - (p+k)2]
leads to the consistency checks
V n J V ^  = 2 (p2 + m2)liro h A 2] + \ ,












I I  APPi&lDIX 5
We W ef >f\e
m  = ip 6 [pp
VcffgjaC INTEGRALS
k ) Z + m2 ]6p [ ( p 1-  k ) 2 4m2] f  (k ) .
These i n t e g r a l s  o ccu r i n  th e  c a l c u la t io n  o f  two body u n i t a r i t y  c o n t r ib u t io n s  to  
v e r te x  f u n c t io n  i n  Q.E.D. We l i m i t  o u rs e lv e s  to  an  e v a lu a t io n  on th e  mass s h e l l s
m2 2i ” + m = 0 j A3, l a
l2 2p + m — 0 * A 5.1b
D e fin e Q II V i V
'
1 A 3.2
The in t im a te ly  r e l a t e d  i n t e g r a l s
ßS  [ ( p " - k ) 2 + m2 ]6 [ (p '-k ) * + m ^ ][l -  e (p * -k ) e (p l-k )] f (k )A \O A  ij>/l2 2
may be found  ta b u la te d  i n  K dllen>J(l95’7) • Saldm and D elbourgo (1964) g iv e  an  
e x p l i c i t  fo rm u la  Eq, (A3) w hich i s  r a th e r  r i c h  i n  m is p r in ts ,  b u t  w hich we c o r r e c t  
to  r e a d  i n  o u r  n o ta t io n  a s
iA  6 [ ( p ’Mc)2 + n2]S [ ( P'- k ) 2+ m2 ] f  (k 2) = ^  •12 -2 1l / 22[ (Q +m +p ) -  4m }i J
r / 2 2v 2 / r 2
r >  - p - ) /Q
2 2 2 2m +2ji +Q
dk2f ( k 2) A5-3
T h is  i n t e g r a l  may be r e a d i ly  c a lc u la te d  by a sm a ll e x te n s io n  o f  th e  method o f  
A ppendix I  .
( i )  f (k )  = k^ • I n  t h i s  ca se  we may u se  th e  r e s u l t  o f  A ppendix I ,  f o r
V [k ']  = | d \  5p L p "-k )2 + m2 ]6p [ (p '- k )2 + rc2]ff 6p [ (Q -k )2 + m2 ]6 i; [k 2+m2 ]
4p2-1/ 2 
Q‘
* [1 + ^ f - ]  6 ( -  -  4m‘ ) , A5.4
( i i )  f ( k )  = k : By r e l a t i v i s t i c  in v a r ia n c e  we must have
V [ k J  = (p' + p " )^  X + (p l -  p1*)^ X * A 5 .5
Thennas w ith in  th e  in te g ra n d
( p 1' -  k )^  + m2 = C *
(p* -  k ) 2 + m2 = 0 )
A5*6a
A5.6b
we have^ by AS*1 5
and
(p* -  P f')*k = 0
(p* + p ^ . k  =
A5.7
A5.8
Thus c o n t ra c t io n  o f  A3»5 w ith  (p* -  p**) e s t a b l i s h e s  t h a t  Y = 0 ,  w h ils t-c o n t r a c t ­
io n  w ith  (p  + pu) ^ u s i n g  th e  r e l a t i o n
(p* + P " )2 = “ Q2 (1 + 4m2/Q 2) A5.9
y ie ld s  -  Q2 ( l  + 4 x2/Q 2)X = V(k2) . A5.10
ftence v i y -  (p*+ p'% * I 1" ~r-krz A5- u11 2Q2 [1 + 4m2/Q 2]1 /2  .
( i i i )  f (k )  = k„kv
U sing  p r i n c i p l e s  o f  r e l a t i v i s t i c  in v a r ia n c e ,  and n o tin g  th e  symmetry i n  p ! and
p u e n a b le s  one to  s e t
V£k k 7 = [A Q2 6 + B (p , p* + p ”p ”) + 0 ( p , p M + p Mp*)]K  -^ n L pv p, v * p rv ' ’ A 5.12
w ith
-  k  Q2 (1  + i w A 5.13
C o n tra c tin g  A5«12 w ith  p* and u s in g  A5*7 and A5*8 le a d s  on s u b s t i t u t i n g  th e  in d e ­
p en d en t r e s u l t  A 5.25 to  th e  e q u a tio n
(Q2+2m2)C]p* + [ -  ~  (2m2+Q2)B-m2C]P »it = y-V(k2k J  = -  ^ ( p , +p,,) 11Q2( l+ ^ n 2/Q 2)p 2 |X'
* A 5.14
E q u a tin g  c o e f f i c i e n t s  on b o th  s id e s  o f  t h i s  e q u a t io n ^ le a d s ^ a f te r  some t r i v i a l  
m a n ip u la tio n ^ to  th e  d e te rm in a tio n  o f  A B C as
A = -  \  (1 + 4m2/Q 2) , A 5 .l5 a
B = 1 + 2m2/Q 2
C = — 2m / Q2
A5.15b
A5*15c
A check on t h i s  c a l c u la t io n  i s  o b ta in e d  by c o n t ra c t in g  A5*12 w ith  6 * when
one o b ta in s
-  2Q2 (1 + Am2/Q 2) = 4Q2A -  2m23 -  (Q2 + 2m2) C 3
w hich e q u a tio n  i s  s a t i s f i e d  by th e  s o lu t io n s  A5 . 1 5 *
A5.16
.vei
( iv )  f  = 1
For t h i s  f ,  th e  p hase  in t e g r a l  d iv e rg e s  -  t h i s  i s  an  in f  r a j  d iv e rg e n c e , In tro d u c in g  
a p h o to n  mass jx — ► 0 ?we have^ u s in g  A 5.3 and th e  ad  hoc d e f in i t i o n




~ /  ,2 2 ~pJ  +6 [(pM-k)2 + [(p*-k) + m2]
rcfe(-^ 2 - 4m")
2Q2(l+te2/Q2)l/2
; 2 2 Am -f Q
i 2 2k + \ i




(v) f = k
[We have already utilised this integral to determine V[k(k^ ]
V /,4, 2 2- 2 2- A5.21rfk k 3 = I äTk k^ 8v [ (pw-k)* + m^]6p[ (p*-k)^ + m ]
= \ J A  Sp[ (p”~k)2 + m2]8p[(p*-k)2 + m2]^(p,+pw)^ - (pH“k)1L - (p'-k)J # A 5.22
Then by A2.ll, A2.12^as Q = (pH - k) - (p* - k),
Vtk\j = \ [(pn+p’) - \  Q + \ Q J f  (1 + W 2/Q2)1'/20(-Q2-iHn2) A5.23
- ^°"+P')\ . 2 , 2v it e(-Q2
(sv“ ) ■
We note that V{k2k^] = (pM + p')^ Vßc^J
(vi) Summary of Calculated Vf f 1
We define
V[l]
n q C-v^T - 4m2)____
- 2Q2(1 + 4m2/Q2)1//2
log [ 1 - (Q2 + 4m2)/p2]\Y
V[kJ = (p- + P *),L W. 







V[k2k^] = -  -  (p" + p * )^  (Q* + ^ 2)W,
Y[k k ] = ~  [A Q2ö + B(p*p* + p Mp") + C (pt p M + p Mp , )]W **- pi v J 2 L jiv '*irv  ^prV V*irv  r i r v ' J ’
^ K ^ re  A = -  (Q2 + 4m2)/2Q 2 ^
B = 1 + m2/Q 2 ^








THEORY OP CHARGED PARTICLES OP SPIN 1/2 
1 . Introduction and Summary
In this Chapter we compute the lowest order radiative corrections to the prop­
agators of the photon and Dirac spinor particle (herein called electron)^ and to the 
3 vertex. We find that our method^ which was described in general terms in Chapter 
11^leads to very simple computations in any gauge. The following special features 
emerge*
Section 2. The gauge invariance of TT (k) is manifest^ and does not need to|1V
be artificially introduced.
Section 3« An understanding of the origin of the infra-red divergence in 
previous calculations of S(p) is gained, and it is shown that 
the correct expression is free from such divergencies for 
p / - m .
Section 4, We prove the gauge invariance of the 3-vertex as a sidepoint to
a treatment that is the dispersion theoretic analogue of the usual
approach. This approach leads to an infra-red divergence in the
coefficient of y that is eliminated as usual by introducing a P
non-zero photon mass. We outline a more sophisticated calculation
2 2to circumvent the IR problem for p / - m .
The major omission from this Chapter is a calculation of the (Mandelstam) 
spectral weights for the box diagram
III 1.1
Higher order corrections to photon and electron propagators have not been
c a lc u la te d .  I n  th e  case  o f  h ig h e r  o rd e r  c o r r e c t io n s  to  e l e c t r o n  p ro p a g a to r  we 
have found t h a t  th e  a p p ro p r ia te  p h ase  i n t e g r a l s  in v o lv e  com plete e l l i p t i c  i n t e g r a l s  
i n  r a t h e r  cum bfrous fo rm u lae .
As a p re lim in a ry  to  th e  c a l c u la t io n s  o f  S e c t io n s  2 , 3> 4  we t a b le  below some 
b a s ic  in fo rm a tio n ^ in c lu d in g  a r a t h e r  p r a c t i c a l  arrangem ent o f  g raph  e lem en ts . 
F i e l d  e q u a tio n s :
(V t + “ H  =  -  i e  ’ 1 . 2
?  ( y n  - m) =  i e  ?  y n  > 1 . 3
9 9 i  = — J.p, p. A  A 1 . 4
=  y  [ i  Yx  <|i -  if C Yx  W ]  . 1 . 5
We c a l l  th e  p a r t i c l e  d e s c r ib e d  by ^ s a t i s f y i n g  1 .2  a ’negaton* i t s  charge c o n ju g a te  
a 'p o s i t i o n 1. The n egaton  has ch arg e  -©.
N o ta tio n !  = y k 1 .6
P- P- *
A lg e b ra  o f  y^ •
Y Y + Y Y  = 2 6  *7  'v 1 v 1 (j, |xv >
X  i =
1. 7
1 .8
Y Y Y = -  2 Y , 1 p. 1 p ' p 7  5 1. 9
1.10
T ra c e s : Tr y 4 6
|XV 9
1.11
T r y[xpy.c 4  [6 6 + 5 -  6 6 ]L |xp VCT p,0 vp p,v per *
- 1 ,Wards I d e n t i t y :  s""_ (p)
1.12
i  ( i ^  + m) j 1 .1 3
35.
(p*) (pM - P1) y1 jj, 1.14
i. e# y Sp1 (p*) = ~e~~ (p" - p*)^  V[X° (pV) 1.15
[The (-) occurs in 1.15 "to correspond to the negaton having charge -ej*
As (a/dp^)SF (p) = - Sp(p) [ (9/9pu)S~X(p) ]SF(p)5 another form Ward's identity
takes is
(a/ap^SpCp) = e"*1 sp (p) v l° (pp) sp (p) # u ,4
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TABLE I I I  T 1
S p in  1 /2  g rap h  e lem en ts  i n  Momentum R e p re s e n ta tio n
E lem ent




- i [ 6 iiv+. ' a - i ) k k v a 2]
k 2 -  i e
I n t e r n a l  e l e c t r o n  l i n e S(p)
i  ( i ^  -  m )__
2 2p + m -  i s
3 -lifer t  ex
< P-
^  (p"p') = e Y(x
E x te rn a l  p h o to n  l i n e  
( p o l a r i z a t i o n  \ )
1 v (k)
( a t ) 3-72 ( 2  j k  f  ) 1/2
Incom ing n e g a to n 7 ^  fk\u  (p)
O utgo ing  p o s i t i o n (2rc) W I p ,
v  (p )
E le c tro n  lo o p  f a c to r
The d iag ram s a r e  e v a lu a te d  by th e  i n t e g r a t i o n ( a ) - 4 /
-  1
d^k dk o v er each  o
in d e p en d en t i n t e r n a l  momentum k . A com plete  d ia g ra m ,a s  d i s t i n c t  from  a d iagram  
p a r t ,  a c q u i r e s  a f a c to r  {2n )^  5(Pp -  P p 6 ^  ^ h e r e  8^ i s  th e  s ig n a tu r e  o f  th e  
p e rm u ta tio n  o f  f i n a l  e l e c t r o n  s t a t e s .
2 . R a d ia t iv e  C o rre c tio n s  to  P h o ton  P ro p a g a to r
The second o rd e r  c o r r e c t io n  to  th e  pho ton  p ro p a g a to r  i s  g iv e n  by th e  g raph
3?.
ill (k )
| J , V '  '
I I I  2 .1
We mean t h a t  to  second  o rd e r  th e  p h o to n  p ro p a g a to r  D (k) i s  g iv en  by
D (k) = D (k) + i  D (k) n (k) (k) „
LLVV '  r n v '  '  F u d '  '  0 '  F crv v ) e 2 .2
The Feynman in t e g r a l  e x p re s s io n  fo r  n (k) i sjiv
n  (k)
JJ.V 1 (2u) 4
) ) Tr [ (i^M-m)Y (i^ ’-mV 1
a V a V  6(k -  p* + p") — — — — d R
'p " 2+in2- i e )  ( p ' 2+m2- i e )
w h ere in  we have c a r e f u l ly  chosen th e  s ig n  o f  p * , p u5su ch  t h a t  when kQ >  0 ,  f o r  th e
n eg a to n  p* > 0 ,  fo r  th e  p o s i td ,n  -  p* "> 0 . We n o te  t h a t  th e  co rre sp o n d in g  fo rm ula
L 9*4-1] i n  th e  book o f  J a u c h  and R o h r lic h  [ ja u c h  and R o h r lic h  (1955)] -  due a llow ance
b e in g  made made f o r  a d i f f e r e n t  d e f i n i t i o n  o f  D ^  -  d i f f e r s  by a f a c to r  -1  from
t h i s  e x p re s s io n . Our o b s e rv a tio n  i s  confirm ed  by th e  rem ark  to  be  found i n  [Cheng
and Bludman (1 9 6 4 )] t h a t  th e  e x p l i c i t  fo rm u la  f o r  IT  . [9 .6 6 ]  i s  in c o r r e c t  by ap.v
f a c t o r  - 1 .  The r e a d e r  w i l l  f in d  our t a b le  o f  S m a tr ix  e lem en ts  f a r  more co n v en ien t 
f o r  t h i s  check th a n  th e  cumb r o u s  -  though  e q u iv a le n t  -  t a b l e  o f  Ja u c h  and R o h r lic h . 
We sho u ld  f u r t h e r  s t a t e  t h a t  th e  e x p re s s io n s  g iv e n  by Ja u c h  and R o h r lic h  f o r  th e  
g rap h s
2 .4







k  4  , [ 8uv(m2+ p 'p " ) -p '  p" -p "  P ’ ) ]
a V ^ V  6 (k -p '+ p ") — l,V| ■„ j -----U _ S -
(p* +m - i e ) ( p M +m - i e )
2 .5
One w ould l i k e  to  be a b le  to  p rove  d i r e c t l y  t h a t  t h i s  e x p re s s io n  im p lie d
0 . 2.6k II (k)
JJ. j-LVv 7
0 ,  k n  (k)v 7
Now K a l le n ,  i n  h is  a r t i c l e  i n  Handbuch d e r  P h y s ik , c a lc u la te d  th e  p o l a r i z a t i o n  
o f  th e  vacuum due to  an  e x te rn a l  f i e l d  by in t e g r a t i n g  f i e l d  eq u a tio n s  d i r e c t l y  in  




* 4 ,5  
*1
Id ^ p 'd ^ p "  &(k~p, +pH) [ 8 i,v ( p , p"+m2) -  p ^ p ^  -  p '^ p * v ]
 ^ 8 (p ,2 +m2) [ j ? — y - - -  iite(p» ,) 6 ( p ,,2+m2) ]+ 6 (p " 2+m2) [ p  — | — -  -  iT te(p’)
p" +m p ' +m
y 8 ( p ' V ) ] |  _j 2 .7
f o r  w hich e x p re s s io n  th e  r e s u l t s
k (k) = 0 ,  k n* (k)
|1 7 V J I V v 7
2 .8
fo llo w ^  i n  a t r i v i a l  m anner. However th e  u s u a l Feynman i n t e g r a l  e x p re s s io n  2*5 
in c lu d e s  v e r  i l l* -d e f in e d  te rm s o f  th e  form  
y
4  P H
* „2 2p" +m
2 .9
w hich  Khana and R o h r lic h  [p .R . 1 3 1 , 2721 (1963 ) ]  r a t h e r  b l i t h e l y  ig n o re  i n  t h e i r
m ost in a d e q u a te  a n a ly s i s  o f  t h i s  p rob lem . Khana and R o h r lic h  c la im  i n  t h i s  p ap e r
' Hs.
»» •
t h a t  K a lle n  p roved  in ^ Handbuch i n  P h y s ik  th e  gauge in v a r ia n c e  o f  th e  im ag inary  
p a r t  o f  n ^ v l t h i s  i s  t r u e ,  a f o r t i o r i ,  y e t  i r r e l e v a n t  to  t h e i r  p u rp o se s .
The gauge in v a r ia n c e  o f  th e  th e o ry  however m a n ife s ts  i t s e l f  when one u se s  
O utkosky*s p r e s c r ip t io n  o f  r e p la c in g  (p +m - i e )  denom in a to rs  by 2n± 6^ (p%-m ) 
to  d e te rm in e  th e  d i s c o n t in u i ty  o f  II (k) a c ro s s  th e  b ra n c h  c u t iLandau b ra n c h  p o in t
39.
2
-4m i .  e . , th e  jump d is c o n t in u i ty  a s  one goes from  th e  p h y s ic a l  to  unphys­
i c a l  p la n e  i s
d i s c  n (.
d is c  n (k) p v ' '
w here I
J ^ V d ^ p »  6 (k - p * +PH) ( p ' ^+m2) ( p m^ +m^ ) [ (m2+p1,p u) - p ,p n- p Hj ^ 7 r p^v *pJ
2 .10
.5 ,  IIA  2 .1 4  we have a t  once
2 2 2 i e  r c k w 2 / 1  m s , 2 C 2 / 1  m N -i
 ^ 2 L" 6pv 2 + 3 ^4 + 2 bpv “ 5^ 2 + ^ ^ V ^ v ^ m mTC K K
2.11
-  ~  (1 -  ~ ) ( k 26 - k k )^ 2  v 2 - pv p v7 5 2 .12
|  (1 + 4m2/ k 2) 1//2 0 ( - k 2-4m2) 5 2 .13
( th e  argum ent i n  IIA  2 .3  b e in g  changed from  p to  k) .
The gauge independence o f  d is c  n (k) i s  r a th e r  c o g e n tly  e x h ib ite d  i n  2 .1 1 . We
[XV
th e n  se e  th a t  to  second  o rd e r  th e  jump d i s c o n t in u i ty  i n  D (k)^ »ac
t
A he ^ uf he<~e
(k 2- i e )D (k) = - i [ 6  - k k / k 2 + a k k / k 2 J  ,
The Lehm an-K allen D.R. f o r  D (k) i s
[XV ^ '
_± ty-ysA] ( , ,2D (k) = - i  - r '„  ■*“ '-------  > 1 + k
k2- i e
)
k^+p2- i e   ^ ;
2 .1 4
a s  g iv e n  by 2 .2 . i s  in d e p en d en t o f  a I
d is o D  (k) = "  [8 av-k  k / k 2 ] | ^  (l+4m2/ k 2) 1 /2  e ( - k 2-im 2) .  2.15
2.16
whence th e  s te c tra l w eig h t p g iv e n  by
3
d i s c  D (k) = [6  - k  k / k 2 ] 2rrp,  ( - k 2) 5pvw  L pv p v J *3  ^ ? 2 .1 7
is found  by 2 .15 bo be
p (,2) . »L_
^ 1271 p
(1 -  4m2/ p 2) 1/ 2 9 ( p2-4m2) e 2 .1 8
40.
N ote  t h a t  t h i s  s p e c t r a l  w eigh t i s  p o s i t i v e  j,
P3 >  0 . 2 .19
The p rob lem  i s  s o lv e d  a t  t h i s  s t a g e ,  th e  c a lc u la te d  v a lu e  o f  th e  s p e c t r a l  w eight 
g iv e n  i n  2 . l 8 5to g e th e r  w ith  th e  D .R . 2 .1 6 ^ c o n s t i t u t i n g  a m ost s a t i s f a c t o r y  s p e c i f ­
i c a t i o n  o f  th e  second o rd e r  r a d i a t i v e  c o r r e c t io n .  H ow ever^it i s  amusing to  add th e  
e x p l i c i t  fo rm u la s  ( f o r  Landau gauge)*
BHV(k) = % v  I1 + - , p 2  L3 “ , 2  " (1 ^ 2  } l 0 g r i i  ] ) ,
f o r  g = ( l  + r e a l
iie w r i te  (Landau gauge)
D, V «  = V  ^  + * & >] 3
2 .2 0 a
2.20b
2 .21a
i . e . ,  n ^ v ( k 2) = (k 25tiv -  ^ k v)n ( k 2)
T hen th e  d e r iv a t iv e  a t  th e  o r ig in ^
n*(o) = Lf:m [k1-
,oo






dx(x+2) (x -4 ) 1 /2
9 /2 2 .2 4
2 l  60tt m
2.25
4 1 .
I n  th e  n o ta t io n  o f  Ja u c h  and R o h r l ic h  (1955? iSq -  9-63) 
k 2n f (k 2) = n (k 2) . 2.26
The e x p re s s io n s  w r i t t e n  down in  their book f o r  Il^ (k  ) and 11^ (0 ) = I i ’ (o) a r e  i n
e r r o r  by a f a c t o r  ( - 1 ) .
42
Radiative Corrections to Electron Propagator 
To second order, the electron propagator is
S(p) = SF(p) + Sp(p) s(p) sp (p) J 3.1
■where the 8E part S(p) has graph
2(p) 3.2
p + k
Landau’s analysis applied directly to this graph [Landau (I960)] shows that Z(p)
2 2 2has a branch cut on the real axis of the -p plane along m - p <  00. The 
discontinuity across the branch cut is given by the Cutkosky prescription of
replacing (p%-m -ie) denominators by 2rci 6 (p +m ) asP
disc 2(p) = physical S(p) - unphysical L(p)
2 2\
(2n)‘ S4 \ d k 2ni 6p[ (p+k) + in ]2k± 6p[k ]X 3
where^in gauge a^
x = Yp, (iYq-m)Yv [&pV + (4-1) k ^ k 2] .
Within the integrand^by IIA 3*6 >
Y (iYQ-m)Y 6'p, 1 ^  ' 1 v pv -2i/i-4m -iYp(l-m2/p^) - 4m
Ähilsf by IIA 4.26 and IIA 3.7 >
T,
Yii(iYq-m)Yv ktü(k/ k2 = k”2 X 1# + 1^ - m







= “ \ iX C1 - 2m V p ?) - m ,
Adding 3*6 and 3.95 using the definition 3-5 >




w here by IIA  3 , 5 3we can e x p re s s  th e  i n t e g r a l  a s
d is c  2 (p) X I mo 5 3 .11
mo
( 2\_ / 2 2\ (p + m )9 ( -p  -  m ) 3.12
ii I»
I n  th e  Handbuch d e r  P h y s ik  a r t i c l e  by K a lle n  [ f a l l e n  (1958) J th e r e  i s  a somewhat
tt
sk e tc h y  p ro o f  o f  a d is p e r s io n  r e l a t i o n  f o r  a q u a n t i ty  F (p ) ( h a l l e n  Eq 31. 19) > w hich
ap p ea rs  -  to  a p hase  f a c t o r  -  to  be th e  v a lu e  a s c r ib e d  to  Z (p ) i n  t h i s  fo rm u la tio n .
° 2 2 HE x p l i c i t l y ,  i n  term s o f j s p e c t r a l  w e ig h ts  2 j  (p ) and (p )^ K a lle n  has th e  fo llo w ­
in g  s u b t r a c te d  D.R. ^p 3  0 ] ,
F(P) - i ( p 2+m2) 5dp.2 m S 1°(-J i2) + ( i ^ + m ) S 2° ( - p 2)/ 2 2 . w  2 2\(p +ji - i e ) ( - | i  +m ) 3 .13
[One r e p la c e s  - i e  by + ie  when po 0 i n  t h i s  e x p re s s io n  f o r  p(p)^|^e«*j.« te^pT he 
b ra n c h  c u t d i s c o n t in u i ty  o f  P'CfO *s
_  e _ o
d is c  P (p) = 2n [ iy p  2 2 (p^) + m 2 ~ (p 2) -  m 2 2 (p 2) ] . 
I f  one e q u a te s  F (p) and 2 ( p ) ? f o r  p^ ^  O ^then
\ ° ( p 2)




h (a  + 5 + 2am2/ p 2) ( l  + m2/ p 2)Q (-p 2-m2) ^2 2




an d  p u t t in g  a = 1 (Perm i gauge) we g e t  e x a c tly  th e  v a lu e s  a s c r ib e d  by K a lle n  
2 ^ ° (p 2) and 2 2° ( p 2) [K a lle n  l 31*15> 31*17] [We n o te  en p a s s a n t  t h a t  th e  e x p l i c i t
ti
m ethod K a lle n  u se s  i n  d e te rm in in g  th e s e  s p e c t r a l  w e ig h ts  -  th e  ta k in g  o f  p a r t i c u l a r  
t r a c e s  -  i s  f a l s e  and o n ly  f o r t u i t o u s l y  g iv e s  th e  same answ er a s  does th e  c o r r e c t  
p ro c e d u re ] .  However we do ass& rc t h a t  * • }
44.
2 (p ) = i  ( p 9 + m* 2 *) f•/fli f 2 2 ,  Wp  m cr0(^ )d , , . -------- -------- ------------------------  3p + p, -  ie 3.17
w here in  we have chosen  to  w r i te  th e  D.R« in  th e  s im p le s t  fo rm Jfc^ 1Mfrj»iv*g‘ The
£ re






(a + l)jx + 2a
2
C o nsequen tly  a s




[S * (P )]  lYP = (P + m )“  [ -  m(p2 + m2) + (p 2 -  m2)(i<fl? -  m) ] 3 .20
th e  r a d i a t i v e  c o r r e c t io n  to  second o rd e r  to  S(p) i s  S,-,(p) 2 (p )  S^(p)
= im ft
r
00 d 2 ^  - g2^> + i  (iyp - C00 2 (pV ) » > 2) + an%(t>2)
2 2 . • 2 2 p + p, -  i e  p + m - i e
«/ji
2 2 p + p, -  i e
3-21a
e.JL . ( q™2 a-A , r ^ . c — r m2 / d 2 ,m2_ ^ d )
16tc
2 ( amVp ' + [ (a + 3 )/2 p  + am / p  ]log[m  / ( p  +m - i e ) ] j
+ i( iy p -m ) * v  • £ a n f /p ^  + [ -  ( a + l ) /2 p 2+am2/ p 2] lo g  [m2/ ( p 2 + m2 -  i e ) ] \  
16tc  ^ '
i  ( iyp-m)2 ----- ““  [ air2/ p 4  + [ ( a * 5 ) /2 p 2 + air2/ p 2 ] lo g  [m2/ ( p 2 + ffi2 -  ie ) ] }  %3*21b
p + m -  i s  16tü^  '  '
Thus we have d e te rm in e d  an e x p re s s io n  f o r  th e  r a d i a t i v e  c o r r e c t io n  t h a t  i s  f r e e  from




On th e  o th e r  hand , i f  we u se  th e  Lehman D .R, f c r j  s p in  1 /2  p ro p a g a to r
S(p) . 1 _______ (iyp  + m -  i e  ( 1 + (iYP + m)l. co djj, 2 2 2 iYP Px (p ) + mP2(P )2 2 7p + [i -  18 3 .22
th e  s p e c t r a l  w e ig h ts  b e in g  d e te rm in ed  from  3*11 as
d is c  S (p) = 2k [iYP p -^ -p 2) + m p p (-p 2) ] ö ( -  p 2 -  m2) 3 .2  3
— 2 X [ S F( p ) ] ^ I
(2n)' mo 9
3 .2 4
we f in d  a f t e r  a l i t t l e  a lg e b ra  u s in g  3*19^ t h a t
px (p 2)
f  _  -  (a  + + (a  + l i j i f  -  2smVu~




-  k[i2 + (2a -  6)m^
_ 2 / 2 2v
2b (b -  m )
3.26
f 2\ f 2\ e ~ (a  + 5) + 2a m /[i  /..2 \ /..2 \P p ( P  ) + P 2 ( P  ) =  - - - - - 2  —  - - - - -  2- - - - - - - — = o x  ( h  ) “  o 2 ( p  )  .
I6 7 1 "  2 b
3 .2 7
We r e w r i te  Lehm an's DR 3.1 8  as
S(p) = Sw(p) -  i  (iyp-m ) L ^ 2p2( v 9)~~2 2 p + jj, -  i e -  im -  i e
3.28
<3n ex am in a tio n  o f  th e  RES s id e  o f  3«25> 3*26 we se e  t h a t  i n  a l l  gauges th e  f i r s t  
i n t e g r a l  has an IR  d iv e rg e n c e , w hilst th e  second i s  f i n i t e^and bas^hy 3.27^ th e  same 
m agnitude a s  th e  f i r s t  te rm  o f  3*21 a .  E x p l i c i t l y  ^we have i n  Ferm i gauge (a  = 1)*
4 6 .
-  im
dP'2 *[P1 (P'2) + P2(P2) ]
2 2p + p -  i e
— V “ 1 /p 2 + [(3 p 2 + m2) /p 4 ] lo g  [m?/ ( p 2 + m2 -  i s ) ] }
16tz k }
3 .29
which i s  th e  same -  apart from appropriate phase fa c to r s  -  as th e  v a lu e  determ ined  
by Karplus and Kroll^and rep orted  in  the book [ Jauch and R oh rlich  (1955 )] equation  
9 .2 6 .
The s i tu a t io n  i s  now c le a r . We c o r r e c t ly  determ ine th e  branch cut d is c o n t in u ity  
o f  L(p) and S(p) bTziuse of* Cutkoskjr's p r e s c r ip t io n . The u su a l magnitude o f  3(p) -  
as determ ined by Khrplus and Kroll/öo&e way -  r e s u l t s  i f  one then  a p p lie s
Lehman* s D.R. -  th e  ex p ressio n  in v o lv in g  an IR  d iv erg en ce . The co rrect magnitude 
i s  determ ined on ly  by u se  o f  our D.R. 3«17 -  t h is  magnitude as g iven  by 3*21 i s  
fr e e  c f  IR d ivergence -  th e  IR  divergences being  c le a r ly  SPURIOUS and arising on ly  
from an in v a lid  a p p lic a t io n  o f  Cauchy's theorem.
2
To i l l u s t r a t e  th e  l a s t  p o in t we con sid er a sc a la r  fu n c tio n  c(p^) th a t i s  r e a l
*(p 2)
3£ /  2 ICv 
0 (p ) 3.30
2 / 2 2  2 everywhere in  the complex -  p p lane cutlm  ^  -  p ^  qo. We assume th a t p ) i s
2
o f  order o f  p T h e n  i f  we p rescr ib e  fo r  sma/( e >  o  t
c ( -  m2) * r^ -  o  , 3.31
2 2 2we can apply Cauchy’ s formula to  th e  a n a ly t ic  fu n c tio n  a (p ) / ( p  + m ) to  get
<Kp2) = (p2 + m2) J dp2 Im 0 j rr, 2  2 ' \ f 2 2v(p + p -  i s ) ( ~ p  + m )
J  J
[ in  3*29 c ( -  p ) = a (-p  ' + ie )  : compare 3 .17 ]
3 .32
47.
B u t we cannot in  g e n e ra l a p p ly  Cauchy’ s fo rm u la  to  th e  fu n c t io n  
s (p 2) = o (p 2) / ( p 2 + m2) 2 3 .33
to  g e t th e  D .R . (compare 3 .22  I )
s (p 2)
Im  3(-|-L2 ) tr  
2 2p + ja -  re
3.3^
2 2 2 s (p  ) has a p o le  a t  the  b ra n ch  p o in t  p^ = -  in“ w h ich  g iv e s  a non v a n is h in g  con­
t r i b u t i o n  to  th e  end b i t  o f  th e  co n to u r
”  e n d - b i t 1’
so th a t  th e  DR 3# 31 i s  in v a l id .
To r e s ta te  o u r c o n c lu s io n s : The graph
3*36
2
i s  c o r r e c t ly  g iv e n  i n  any gauge by  e q u a tio n  3*21 f o r  th e  q u a n t i ty  [S - ^ p ) ]  2 (p )
where 2 (p )  was c a lc u la te d  fro m  o u r D .R . 3 .1 7 , P re v io u s  c a lc u la t io n s  in v o lv in g  
an IR  d iv e rg e n c e  (o th e r  th a n  f o r  p ^ = m ) co rrespond  to  th e  e q u a tio n  3» 28* w h ich  
g iv e s  p a r t  o f  t h i s  g ra ph  c o r r e c t ly  b u t has a s p u r io u s  d ive rg e n ce  due to  th e  im p l i c i t  
(o u r  case e x p l i c i t )  use o f  fa ls e  a n a ly t ic  a s s u n p tio n s .
F o o tn o te *  We have d e f in e d  th e  s p e c t ra l w e i g h t s s o  as to  conform  to  th e
n o ta t io n  o f  S tra th d e e  [S tra th d e e  (1 9 6 4 )] f o r  th e  Lehman fo rm  o f  th e  D .R . f o r  S(p) -  
e q u a tio n  3 -22  b e in g  r e a d i ly  tra n s fo rm e d  in t o  S tra th d e e * s fo rm  on th e  rep lacem en t
2 2
p(|i) = ) ±X9 + P2(^  W
48
However th e  e x p re s s io n s  3 tra th d .e e  w r i te s  down f o r  and. d i f f e r  m arkedly from  
th e  c o r r e c t  v a lu e s  above. I t  i s  however p o s s ib le  t h a t  th e s e  in c o r r e c t  v a lu e s  a r i s e  
from  S t r a t h d e e 's  p ro ced u re  w h ere in  he to o k  th e  pho ton  p ro p a g a to r  a s
. 2  k k /}fc\X y/ )
2 , 2  ^ 2 ic )ji k + X -*€' ^
and to o k  th e  s im u ltan e o u s  l i m i t s
, 2  ^ _ 2 ^  _ . 2 / 2 __X — ► 0 ,  ji —^  0 ,  X / ji — a j
a t  th e  c o n c lu s io n  o f  th e  c a lc u la t io n .
Fjiv -  i
-  k k  / V  
ji v  '
k + ji -  i e
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4 . R a d ia t iv e  c o r r e c t io n  to  3-'V ertex
lie  a r e  concerned  w ith  th e  e v a lu a t io n  i n  an a r b i t a r y  gauge o f  th e  g rap h
\
VX
e ra d  ( p ”p*) = \  u^-k  I I I  4 ,1
N *
$o th a t  we need  d ea l w ith  th e  fu n c tio n  o f  one v a r ia b le  o n ly ,  nam ely th e  v a r ia b le
p" -  p* 4 .2
2 2 p = -  m
we e v a lu a te  r a d  ( p 'p " )  fo r
,2 „2 2 ,■
P* = P = P <j
and make o u r d is p e r s iv e  t h e o r e t i c  c a l c u la t io n  conform  to ^ u s u a l  approach  by s e t t i n g
4.3b
As t h i s  v e r t e x  p a r t  i s  i n s e r t e d  betw een  e le c t r o n  l i n e s  we can r e p la c e  ij4” on l e f t  
hand s id e  (LHS) o f  r a d  (p**p*) by -  m, t h a t  i s
LH3 : i ^ ” = -  m 4 .4
and RHS : i ^ '  = -  m 4 .5
More fo rm a l ly ,  one can in tro d u c e  ‘'coverings*’ and c a l c u la te  u (p " )  ra d  V. (p " p *)u (p * ) ,
A
2 l / 2th e  u (p ) to  c o rre sp o n d  to  mass ( -  p ) ' .
2 2lie  a p p ly  C u tkosky ’ s p r e s c r ip t i o n  o f  r e p la c in g  th e  a p p ro p r ia te  (p + m -  ie )
2 2d en o m in a to rs  by 2n±6 (p + m ) to  d e te rm in e  th e  d i s c o n t in u i ty  o f  r a d  fo r  a jump
2from  th e  p h y s ic a l  Q p la n e  -  o r  e q u iv a le n t ly  we d e te rm in e  th e  two body u n i t a r i t y
c o n t r ib u t io n  to  r a d  V. a s  d e te rm in ed  from
d isc  r a d  V^(p"p*) = — — 2ni  5 y  (p w- k ) <:+in: ]2 ii i  8^ [ (p * -k )^  + m^]W  ^ 4 .6
(2 tt)
w here i n  gauge a f 2 2 -
\  = T1L[ i ^ ”-iX-m]Yx [ i ^ , -i^~m ]Y v[8  + ( a - l ) k  k / k 2] 4 .7
Not/ on)LHS by 4 .3 ,
A
V ^ "
-  i ^ ”v + 2ip*’
P- P-




so th e  o u ter  fa c to r s  in  may be rep la ced
Y ,, ( i /H -  4# -  m) = 2ip^ ” -  Y^X »
W ith in  th e  in tegrand  o f  4 .6 ,
(p u -  k )2 = -  m2 4 .1 0
2
whence 2puk -  k = 0
I n s e r t in g  t h i s  r e s u lt  in to  the c o n tr a c tio n  o f  4 .9  I
Y ( i^ M -  iX -  ni)k = 2 ip nk -  ik 2 = 0 4 .1 2p P
we se e  t h a t  th e  te rm  i n  d i s c  r a d  p r o p o r t io n a l  to  (a  -  l )  van ishes^  i . e .  3th e  v e r te x
2 2c o r r e c t io n  i s  in d ep en d en t o f  gauge f o r  p = -  m . T h is  new r e s u l t  may be  l ik e w is e  
d e m o n s tra te d  f o r  th e  o th e r  3” v e r 'kex com puted i n  t h i s  t h e s i s :
We can th e r e fo r e  r e p la ce  in  the in te g r a l  by
\  = t ^ P ’V  -  V X ] y X [ 2 4 v -  4 , 1 3
= - 4p,p,,Yx - - 2 y } ±)£±$" -  YjAx^Yp
= -  4 p ’p"Yx + 2im[>6fx+YxX] -  4X(p*+pH) x + 4 ( p , +p").kYx + 4 ^  -  2k2yx
4 .1 5
o
= -  4 p ’p nYx + 4(p* + p ”)k  Yx " 2k_Yx 
+ 4 k ^
-  4X (p* + p “) x + 4im t   ^ 4 .1 6
,/e can now u t i l i s e  th e  i n t e g r a l s  o f  I I  A ppendix 5 -  r e c a l l  th a t  we r e p la c e d  th e
2 2 2i n f i n i t e  V (l)  by V[k / ( k  + p, ) ]  by g iv in g  th e  pho ton  a, v a n ish in g  mass j j , :
d i s c  r a d  V (p**p *) - i e ' a ( -  Q2 -  4m2)
( 2tc) 2 -2Q 2 (1  + 4m2/Q 2) 1//2 X
4 .1 7
51
w here W ^  = -  4 p ’p M lo g  [ l  -  (Q2 + 4m2) /p ,2 ]ys + 2 (p ! + p ’O S'-
+ 4[ 7 - (1  + 2m2/Q 2)[ im  (p*+pw)* -  \  Tv Q2 ] “ ~ ? I" im (p*+p")% + ^  Y ^ 2 ]
2Q
4 .18
2 s~ * “~ / /L ~ " 2 * J _ 2  L ^  y\ "  2 ‘X
-  8 im (p* + p M) \  + 4  im (p* + p " )^
\  [ (X + 2m2/Q 2) lo g  [1  -  (Q2 + 4m2) / t i 2 ] -  ( l  + 4m2/Q 2) j
4 .1 9+ 4Q2 [ i  ( p 1 + p " ) j/2 m ] ( -  m2/Q 2)
The v e r te x  fu n c t io n  by 4 .3>  4 .4  has th e  form  ( in v a r i a n te )  ,
v„ (pnp*) = Y, H(Q2) + n p '+p% 4 .2 0
To second  o rd e r
v  (p V )  = e[ r .,  + r a d  v n ( p "p *)] . ^ «21r r r
Then assum ing th e  D .R . be low ^4 .19 t^ d e te rm in es  th e  s p e c t r a l  w eig h ts  
2
r(Q 2) = ^ l -  (l+2m2/Q 2) lo g  [ l  -  (Q2+4n2) / n ]  + - |  (l+4m2/Q 2)K l+ 4 m 2/Q 2) - -L/ 2ö(-Q 2-4m2)
2it
P p 4 .2 2
,2\ - e  m . 2 /„ 2 x-  1 /2  „2 , 2N----— —  (1 + 4m /Q  ) ö ( -  Q -  4m )
4tT  Q
S(Q >
to  be s u b s t i tu t e d  i n  th e  D.R.
•oo





s ( -x )d x  
Q + X -1 C
4 .2 3
7/e n o te
(a )  V (p Mp*) i s  th e  p ro p e r v e r te x  -  i . e ,  sum o f  p ro p e r  p a r t s
(b) The D.R. 4 .2 2 ,  4 .2 3  bave been  p ro v ed  to  any o rd e r  o f  p e r tu r b a t io n  th e o ry
2 2 9 p
f o r  V ( p 'p M) when -  p ,l_ = «.pM = *»p“ m“ . However, a s  Ya. F a in b e rg
r
(JETP I960) p ro v ed , i n  f a c t  su ch  and D.R. i s  n o t s a t i s f i e d  by th e  Feynman
52.
2 2 2integral expression for R(Q ) when p =-m . However the device used
it
[ following Rallen (1958)] of introducing a small photon mass p circumvents 
this difficulty though in an unattractive manner.
(c) The DR 4.22 b4.235have been established outside of perturbation theory
p
only for-p1^ 0 ;cf statement in V. Ya. Fainberg (JFTP I960)]
(d) The term in the vertex
S(Q2)i[p^ + p"]/2m
corresponds to an additional magnetic moment ascribable to the electron l 
expressing
S(Q2) = S(0) - Q2J& -x) dxx[ Q + x
where the second term vanishes for Q* 
ratio is given by
4.26
- ie] *
0, we see that the gyromagnetic
i.e.,
g - 2 2 S(0)
2* f m2 (1 - 4m2/x)~1//2
4*2J^ x dx





In conclusion we would suggest that rather than do as we have done in present­
ing the dispersion theoretic reformulation of the usual calculation of 3'Vertex,
that one should instead calculate the radiative correction
I
^ I
1 p’-fce rad V\ (p"p') 7 4.30
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on th e  mass s h e l f  -  p ,d" = -  = -  p 2 ^  m2 . Then th e  D.R. 4 .2 4 ,  4 .2 5  a re
2 2unam biguously  v a l i d ,  th e  s p e c t r a l  w e ig h ts  r ( p  } and s (p  ) b e in g  f i n i t e .  We would 
n o te  th a t  to  p e rfo rm  t h i s  c a l c u la t io n  we must need  to  c a lc u la te  a new s e r i e s  o f  
p h a se  i n t e g r a l s  to  r e p la c e  th e  v£f]|. N ote in  p a r t i c u l a r  t h a t  i n  p la c e  o f  v£l] 
t h e r e  i s
S [ ( P M -  k ) 2 + “ 2 ]S [ (p* -  k ) 2 + m^]
l r  i ’'
+ m2)]e(-Q2 -  4m2)(1 + 4m2/Q 2) 1<//2 [ lo g  (-Q2 -  4m2) -  lo g  (p 2
CHAPTER IV
THEORY Q? CHARGED PARTICLES OF SPIN ZERO
1 * In t r o d u c t i o n
The s u b je c t  m a tte r  o f  t h i s  c h a p te r  i s  th e  e q u iv a le n c e , o r  o th e rw is e ,  o f  
v a r io u s  g rap h  th e o r i e s  o f  th e  quantum e le c tro d y n a m ic s  o f  zero  s p in  p a r t i c l e s i  
unch arg ed  s p in  ze ro  p a r t i c l e s  can  be d e s c r ib e d  by a v a r i e ty  o f  d i f f e r e n t  f i e l d s  
( c f .  C h ap te r I )  a l l  s p in  zero  r e p r e s e n ta t io n s  o f  th e  inhom ogeneous L o re n tz  group*, 
on making th e  u s u a l  ad hoc p r e s c r ip t i o n  9 —► n  = 9 -  i e  A e tc .  [b u t s e e|X .^1 p,
r e  s p in  3 /2  P a u l i  F ie r z  (193 9 )] and fo llo w in g  th e  u s u a l p ro c e d u re s  one may d e r iv e  
a p le n t i t u d e  o f  g rap h  th e o r ie s  c la im in g  to  d e s c r ib e  th e  i n t e r a c t i o n  o f s p in  zero  
p a r t i c l e s  w ith  quan ta o f  th e  e le c tro m a g n e tic  f i e l d .  Now by th e  e q u iv a len c e  o f  
c l a s s i c a l  f i e l d  th e o r ie s  we w ould mean th e  e q u a l i ty  o f  th e  v a lu e s  c a lc u la te d  f o r  
su ch  q u a s i-o b s e rv a b le s  as  energy-momentum te n s o r  and p r o b a b i l i t y  c u r r e n t .  By th e  
e q u iv a le n c e  o f  g rap h  th e o r ie s  we l ik e w is e  mean th e  e q u a l i ty  o f  J S  m a tr ix  e lem en ts  
d e s c r ib in g  th e  same p ro c e s s ; such  e q u a l i ty  to  h o ld  i r r e s p e c t iv e  o f  th e  assignm en t 
o f  d i f f e r e n t  v a lu e s  to  th e  g rap h  e lem en ts  and p e rh a p s  a lso  d e s p i t e  d i f f e r e n t  r u l e s  
f o r  c o n s t r u c t in g  g ra p h s . [On t h i s  l a s t  p o in t  n o te  th e  ab sen ce  o f  s e a g u ll  
v e r t i c e s  i n  ,8 th e o ry  o f  s p in  z e r o ] .  I t  i s  o u r b e l i e f  t h a t  a l l  w e ll-b eh av ed  g rap h  
th e o r i e s  o f  s p in  zero  s h a l l  tu r n  o u t to  be  e q u iv a le n t  i n  t h i s  s e n s e ; t h a t  i s ,  we 
3^^s c r ib e  to  th e  R e p r e s e n ta t io nal  in v a r ia n c e ” o f  good th e o r ie s  o f  charged  s p in  z e ro .
A lth o u g h  we a r e  u l t im a te ly  o n ly  concerned  w ith  th e  e q u iv a le n c e  o f  g raph  
t h e o r i e s ,  we w i l l  c l a r i f y  th e  m eaning o f  r e p r e s e n ta t io n a l  in v a r ia n c e  i n  te rm s o f 
th e  e q u a tio n s  f o r  ch arg ed  m a tte r  f i e l d .  Charged s p in  ze ro  i n  u s u a l 3^3 ß fo rm alism  
i s  d e s c r ib e d  by a 3 component f i e l d  ijj s a t i s f y i n g
(ßrc + m)i|>
■Writing o u t^ I T T  fo r  u su a l ß m a tr ic e s  and tß = [-nT  ^ *,;[>]
1.1
55
g iv e s
% t|) -  ij) = 0  , 1 .1 a
P- [I1
— — Tr' üj H- m' ü:  = 0  > 1 .1bm Yp, T
w hich e s ta b l i s h e s  th e  e q u iv a le n c e  o f  e q u a tio n  1 .1  w ith  th e  e q u a tio n
(u ” -  in^) 0 = 0 ^
w here 0  i s  an  (homogeneous L o re n tz )  s c a l a r  f i e l d .  T hese and 0  a r e  two d i f f e r e n t  
r e p r e s e n ta t io n s  ( i n  o u r sen se) o f  s p in  zero  f i e l d s !  no one has ever d o ub ted  th e  
e q u iv a le n c e  o f  th e  u s u a l g raph  th e o r ie s  d ern/ed ^ p e r tu r b a t io n  th e o ry  ■fTG/n 1 .1  and 
1 ,2 . . On th e  o th e r  hand , w ith in  th e  c o n te x t o f  th e  5 component ß r e p r e s e n ta t io n  
o f  s p in  : z e r o , a d i f f e r e n t  g raph  th e o ry  can be  fo rm u la te d , to  co rresp o n d  to  th e  
f i e l d  e q u a t io n
(ßrc + m + i  e K ß^v F ^ t j )  = 0 1 .3
T h is  g rap h  th e o ry  g iv e s  f o r  K /  0 i n f i n i t e  ( i . e . ? •’n o n -re n o rm a liz a b le " )  second
o rd e r  r a d i a t i v e  c o r re c t io n s *  t h i s  su p p ly in g  us w ith  an  in s ta n c e  o f  a ’'bad*' g raph
th e o ry  in e q u iv a le n t  to  th e  "good” u s u a l  ß g raph  th e o ry .
a
I n  S e c t io n  2 o f  t h i s  C hap ter we g iv e  ^ d is p e r s io n  -  t h e o r e t i c  accoun t o f  th e  
u su a l g rap h  th e o ry  o f  ch arged  s c a la r  s p in  z e ro . We sim ply  w r i te  down i n  IV T 2 th e  
u su a l g rap h  e lem en ts  fo r  t h i s  th e o ry  and th e n  p ro cee d  to  d e te rm in e  th e  s p e c t r a l  
w eig h ts  o f  th e  pho ton  and meson p ro p a g a to rs  and o f  th e  meson 3 -v e r te x .
In  S e c t io n  3 we d is c u s s  th e  d e r iv a t io n  o f  th e  g rap h  e lem en ts  f o r  th e  v e c to r  
s p in  zero  m eson, i . e .  f o r  th e  g rap h  th e o ry  c o rre sp o n d in g  to  th e  f i e l d  e q u a tio n
■Ki z 0 O ~ m ^ 0 O = O .  1 .4\l v  v ' v
I t  i s  w orth  n o t in g  th a t  when we o r i g i n a l l y  d e c id e d  to  a n a ly se  t h i s  th e o ry  we had 
th o u g h t t h a t  th e  v a lu e  o f  i n t e r n a l  meson l i n e s  was
5 6 .
(P)
" 1 Pn Pa
2 2p + m -  l e
L.5
and t h a t  t h i s  th e o ry  would s e rv e  a s  a coun terexam ple  to  th e  “fundam ental c r i t e r i o n ” 
o f  Salam  and  D elbourgo j^(l964) S e c tio n  13] w hich s t a t e s  t h a t  a t  l e a s t  a s y m p to tic a lly
avD'1 /2 0 ( 1 / f  ) 1 .6
However th e  t h e o r e t i c a l  c o n s id e ra t io n s  o f  s e c t io n  3 I s a d  u s  to  s p e c ify  t h a t  th e  
v a lu e  o f  an i n t e r n a l  s p in  zero  l i n e  i s
2
1 Pq g|3 /
rPaß " 2 2 .p + m -  i s
U7
The g raph  e lem en ts  o f  t h i s  th e o ry  a re  to  b e  found in  IV  T 4 . We u s e  them to  c a l ­
c u la te  th e  same q u a n t i t i e s  a s  was d e te rm in ed  i n  s e c t io n  2^and we do i n  f a c t  g e t  th e  
s a t e  v a lu e s  f o r  th e  s p e c t r a l  w eights o f  th e  p h o ton  and meson p ro p a g a to rs  and o f  th e  
3 -v e r te x .  Our happy ex p e rie n c e  w ith  th e s e  low er o rd e r  q u a n t i t i e s  le a d s  us to  
p o s tu l a t e  th e  e q u iv a le n c e  o f  th e  s c a la r  and ou r v e c to r  s p in  zero  th e o r ie s  to  a l l  
o r d e r s ,  an a s s e r t i o n  w hich s a t i s f i e s  ou r demand o f  “r e p r e s e n ta t io n a l  in v a r ia n c e ” 
o f  a l l  s p in  ze ro  th e o r i e s .
As an i n t e r e s t i n g  s id e  p o in t  and check on th e  c o n s id e ra t io n s  o f  S e c tio n  2 , in
Y
S e c t io n  3 we a ls o  e v a lu a te d  th e  same d iagram s u s in g  G- ,^a ßj and a n o th e r  ’p o s s i b i l i t y ' ,
X
G- in  p la c e  o f  G -^^. We found t h a t  though th e s e  v a lu e s  gave th e  same m agnitude
to  pho to n  p ro p a g a to r  and 3 -v e r te x  -  i n  th e  case  o f  meson p ro p a g a to r  th e y  proved  
t o t a l l y  recaJCL-^Dant ano. in tra c td tf to b le  q u a n t i t i e s .
The u s u a l 5 x  5 ß m a tr ix  th e o ry  o f  charged  s p in  zero  i s  in  some se n se s  i n t e r ­
m e d ia te  betw een  th e  s c a la r  and v e c to r  t h e o r i e s ,  and i t  was th e r e f o r e  o f  some i n t e r e s t  
to  e x p lo re  th e  g raph  th e o ry  u s in g  d is p e r s io n  t h e o r e t i c  m ethods. We have th e r e f o r e  
done t h i s  i n  S e c tio n  5» No d i f f i c u l t y  was en co u n te red  i n  u s in g  DR m ethods in  ß
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th e o ry ,  b u t u n lik e  th e  v e c to r  sp in  zero  th e o ry  th e re  i s  some d i f f i c u l t y  i n  se e in g  
th e  r e l a t i o n s h ip  betw een th e  s p e c t r a l  w e ig h ts  o f  th e  ß th e o ry  and o f  th e  s c a la r  
th e o ry .
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2 . S c a le r  S p in  Zero
W ith o u t f u r th e r  ado we w r i te  down th e  w e ll known g rap h  elem ents f o r  th e  
s c a l a r  th e o ry
TABLE IV T 2
E lem ent
I n t e r n a l  p h o to n  l i n e  
[ i n  Ferm i gauge]
Graph
-  - 4 -------
-k v
V alue
-  i  6
F|iv -  i e
I n t e r n a l  meson l i n e Gp (p)
-  i
2 2 . p +m - i e
3-V e rt ex
p '
V ( p V )  = i  e (p '+p’O..
4  V e rte x  
( HS e a g u l lM)




U = 2 i  e 6
E x te rn a l p h o to n  l i n e  
( p o l a r i z a t i o n  X)
kX  -----, p
jjl • ------ k X
en (X )(k)
(at) 3 /2(2|k | ) V 2
E x te rn a l meson l i n e
(2 rt)3 /2  ( 2 |p  I ) 1/ 2
A d d it io n a l  lo o p  f a c t o r 1 /2
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Each diagram is evaluated by the integration (2n) ^ / d^k d over each inde­
pendent internal momenta k, Complete diagrams, as distinct from diagram 
parts, acquire a factor 2ni6(pi - pf) wh«c^ expresses overall momentum
conservation*
The vertex functions in the above table are those appropriate to a charged 
(anti-) particle of charge (-)e*, these functions and G--^ (p) satisfy the general­
ised Ward's identities [Ward (1951)> Takahashi (l95*7)]
G_1(pn) - G_1(p') = e-1(p» - p') V (p" - p<) IV 2.1r r
and
Vv (pn + k, p* + k) - Vv(pHp') = -e“1 k^ U^v [p"+k, p", k] 2.2
We are to calculate the lowest order radiative corrections to photon and meson 
propagators and to the >*vertex function: these corrections are well-known but
our use of dispersion-theoretic techniques is an innovation. First we recall the 
D.R. for the gauge-invariant part of the photon propagator
D (k)
if8 - k k /k2l / 0_L^— j i + k2
, 2 k - if
If P5({i2)d p.2 jk2+p2 - ie  ^ 5 2.3
which specifies the branch-cut discontinuity of D ^  as
disc D (6 - k  k /k )2n p7 (-k ) p v' 7 3 2.4
Then the graphical formula
d M  =
p k V p k V
2.3
6 0 .
may be ev a lu a ted  by u se  o f  th e  above ta b le  to determ ine th e  second order co n tr ib ­
u tio n  to D as  ixv
-  e
(2n:)
d V d V 1 aC k-p^p”) (p t+p,,) ia (p t4-pn) v 
(p ’ ^+m2- i e )  (p ,,2+m2- i e )
2.6
2 2The Cutkosky p r e sc r ip t io n  o f  r e p la c in g  (p +m - i e )  denom inators by
2 2 \2n i  6^(p +m ) g iv e s  th e  u n ita r ity  d is c o n t in u ity
d is c  D (k)
( 2 k) * .
2™5 /  a V d V '  ^ ( k - p ^ p ’OS ( p , 2+m2)6 ( p ,,2+m2) ( p ’+pH) (p*+PH) v #
2 .7
Then by I I  A 2 .1 7 ,
d is c  D (k) -  e
2kr. k‘
+ ^  A 2) 3/72 ö ( - k 2-4m2) # 2 .8
Thus we have determ ined to second order th e  Lehmanr-Kallen s p e c tr a l w eight p
p3(ph e 2 , km2 ,— 2~2 (1  )4o TC p. jl
3
2 .9
which can be s u b s t itu te d  in  2 .3  to g iv e  an e x p l i c i t  ex p ress io n  fo r  D ^ .
In  Chapter I I  we d iscu sse d  Lehman*s d e r iv a tio n  o f  th e  D.R. fo r  the sc a la r  
sp in  zero propagator G-(p) •
G(p) = &p (p ) L1 + (P +m )
P° p 2
2 _2X i o i l i )d[i
2 2 . -1p +|i - i e
2.10
Thence th e  branch cut d is c o n t in u ity  o f  G-(p) i s
2* cr ( -p 2) ^d is c  G-(p) 2.11
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and t h i s  i s  determ ined to  second lo w est order by a n a ly s is  o f  th e  graph
* —— *— «4- 2 .1 2
We have in  Fermi gauge
&(p) Gp (p) - , 2 2\ 2
(P )
d4 qd4k 6 (p“ ^ k) ( p +q)p,(p-^q)v
(2 n )4  (q 2+m2- i e )  (k ^ -ie )
2 .1 3
so th e  Gutkosky p r e sc r ip t io n  g iv e s  ?
d is c  G-(p) t 2 2v 2 , _ v 2(p +m ) v,2tc)
( d 4 qd4k 6(p-q+k)6 (q 2+m2)8  (k2)(p + q )2 . 2 .1 4
y p p
On th e  mass s h e l£ ,
(p+q)2 = (p+q)2 + (p—q)  ^ -  k2 = 2p2 ( l  -  m2/ p 2) 2 .13
The in te g r a l  in  2 .1 4  i s  g iven  by IIA 3. 3 v^,’hereby
d is c  G(p) = q ( - p2«m2) 3
p +m
2.16
th en ce a ( |jl )
2 / 2 2\ 0 0e (ii +m ) n / 2 2\
71 ;2 2.2 6  ^-m ) •8tc (ji -m )|i,
2 .1 7
To determ ine a(p ) in  an a rb ita ry  gauge s p e c if ie d  by th e  parameter a [ o f  Feldman
and Mathews (1963) ]  we must rep la ce  6 in  2 .1 3  as fo llo w sp,v
6uv + (a  -  ^ ku V k 2.18
Then as by IIA  4 .2 5  th e  mass s h e l l  v a lu e  o f
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k-2[ (p+q) .k]2 = k 2 [k4" + 4k2p.k + 4(p.k)2] 2.19




the magnitude of the spectral weight in gauge a is




-e [2n o (ti2-m2) .2 / 2  2vp. (li -m )
2.22
We are perturbed to note that the asymptotic value of a (p, ) is gauge independ­
ent and negative - in contradiction to the Lehman theorem ;
a  ( |i  ) >  0 2.23
2 20f course for a particular fixed ji , a (ji ) becomes positive as a — > oo, 
which corresponds [Feldman and Mathews (1963)] to timelike photons becoming 
infinitely massive and therefore no longer making negative contributions to 0 (ji )• 
The radiative correction to the 3-vertex in second order is rad (p*p) 1
Vq = p *-p >1
rad V. (p*p) 2.24
P* ^  p I* ^
rad VK( p V )
4 8 (2p'-k) (2p-k)v(p+p'-2k)^
2.25
[k^-ie ][ (p1 -k) 2+m2-ie] [ (p-k) ^ m^-ie]2 2
2 2 2We evaluate this expression on the mass shell p* = p = -m , in view of the 
discussion of spin 1/2 case in Chapter III, we have in mind the taking of the limit
6 3 .
2 2 2p = p* ----- -  m from  th e  u n p h y s ic a l r e g io n ,  th e re b y  v a l id a t in g  C u tkosky*s
p r e s c r ip t io n  to  d e te rm in e  th e  d is c o n t in u i t y
\  f A
k
d is c  V (p»p) = — a & [ ( p '- k ) ^ + m 2 ]6  [ ( p - k ) 2+m2 ] ( 2 p ‘ - k )  (2 p -k )  6 (p+p*~2k),
*  {2k ) * '  2 p p ^  v
2 .26
As i n  th e  s p in  1 /2  case t h i s  e xp re ss io n  i s  independen t o f  th e  gauge o f  th e  i n t e r -
v 2 2 2m ed ia te  p h o to n  l  f o r  on th e  mass s h e l l  ( p * - k )  " = p *~  = -m v 2 .27
im p ly in g  k .  (2 p * -k )  = 0 9 2 .28
2A© ulhence th e  in t e g r a l  i n  2.26 v a n ish e s  on th e  re p la ce m e n t o f  6 b y  k  k  / k  .
|J»V |ii v
R e fe r r in g  to  A pp e nd ix  5 o f  C hapte r I I  we may d e te rm in e  -  n o te  e s p e c ia l ly
I I  A 5 .2 3  -
7  [ ( 2 p - k ) . ( 2 p ' - k ) ( p + p 1- 2 k ) x ]  = V [ ( -2 Q 2-4 jn2- k 2) ( p +P'- 2 k ) x ] 2 .29
= -  (2Q2+4ffi2) ( p + p ') x 7 (1 )  + 4(Q2+2m2) 7 (1 ^ )  -  (p + p ’ ) x  7 ( k 2) + 2 7 ( ^ 1 ^ )  2 .30
= (Q2+2m2) [ - 2 (p + p * ) x  7 (1 )  + 4  7 ( k ^ ) ]  .  2 .31
S e t t in g  d is c  7  (p *p ) = e (p + p ')  2n v  (Q2)Q2 ,  2 .3 2
r  r
2
th e  co m p u ta tion s  o f  I I  A S g ive  (n o te  — ► 0)
v  (Q2) f 1 - I  log (1 ~ % - 2 ){ 2.33
'  t i . * "  ;  C T  J
2 /^2\ ,2 , 2,
(2 tt) Q (l+4m /  Q )'
th e  D .R . (h e re in  unp roven) f o r  th e  v o r te x  fu n c t io n  b e in g
\ ( p ’ p ) ie  (p+p*), (i - Q2 f &-v-<r£ ■\ \ o  Q + x  -  i £ /
2.34
6 4 .
We have n o t a s  y e t  d is c u s se d  th e  o th e r  r a d i a t i v e  c o r r e c t io n  to  3-v e r te x  v iz .
w,,(p fF) = (p f ) + (p ) 3 2 .35
■where th e  g rap h  fo r  W (p) i s
W (p)p. '





A pp ly ing  G utkosky*s p r in c ip le  d e te rm in e s  th e  d i s c o n t in u i ty  o f  W (p ) in  gauge a a s
d i s c  W ^p) f i4 [*
( 2z )  J ^ 'kSp [ k2 ] ■6p [ (p+k) 2+m2 ][ 6 (v+( a - l ) k  / k 2 ] ( 2p+k) v
2 .3 7
As w ith in  th e  in te g ra n d
( 2p + k ) .k  = -  (p 2 + m2) 2 .38
(ue can u t i l i s e  I I  A 3.5> I I  A 4 .2 5  "to w r i te
i n  w hich
a is c  W (p) = p W 4  [(3-m 2/ p 2) + (a -l) ( l+ 2 m 2/E 2) ] l  ,
r  P Tl£> ->
t it /-i 2 / 2\ - / 2 2\




v a n is h e s  cn^mass s h e l l  p = -  m . Then we see  t h a t
d i s c  W (p*~ = -m2*, p' = -m2) = 0 * 2 .41
r
I t  i s  a p p a re n t t h a t  j u s t  l i k e  th e  e l e c t r o n  S .E . p a r t  S (p ) o f  C hap ter I I I ,  t h a t  
Wt(p) cou ld  s a t i s f y  a s u b tra c te d  d is p e r s io n  r e l a t i o n  f o r  w hich
t he
Thus on^mass s h e l l
w (p •• P 2 = -  m2) = 0 .r
m f  .2  2 , 2 2v





However c o n s id e ra tio n s  o f  r e l a t i v i s t i c  in v a r ia n c e  make th e  n o tio n  o f  s e p a ra te
DR f o r  W (p) and Yf ( p f ) u n p a la ta b le  l we p r e f e r  to  a s s e r t  th e  D.R, 2,>4- f o r  th e  
l-1 P*
3 -v e r te x  and n o te  th a t  2 .41  im p lie s  th a t  W (p*p) makes no a d d i t io n s  to  th e  s p e c t r a l  
2
w eight v(Q ) I a s ta te m e n t e q u iv a le n t to  2 .4 2 .
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3* Vector Spin Zero Graph .nilevents
The starting point of this theory is the free wave equation for the field 
0°  ^  which is a vectorial representation of the Homogeneous Lorentz Group:
d 3 0 ° - U V v r
O
M- 3.1
We showed in Section 2 of Chapter I that a 0 0 satisfying 3*1 Is a zerothP-
oeigenket of the invariant intrinsic spin operator ~P , We also noted that 3*1 
implies (by contraction)
a a ef ° =  a ajzf °H v v P p 3.2
perhaps because others have only been concerned with the vectorial representation 
of the Homogeneous Lorentz group as providing the simplest representation of spin 
one, and the vector spin zero as merely a nuisance eliminatable by the supplementary 
condition
' A 1 3.2
(Note analogy with 3*2J) serious attention has not been given to the vector spin 
zero field : even the basic equation 3.1 does not appear in the literature.
Polubarinov and Ogievsky in several papers give a careful treatment of the 0 ^ 
field, and stress the importance of the f"*2 operator, but never e:xplicitly write 
down the field equation for 0 °.
It is worthwhile to point out a curious reciprocity between the vector spin 
zero field satisfying 3*1 and the vector spin one field satisfying
[(a a -  m2)6 -  a a 0^ 1 = nP p ' (jLV jj, v 0 5 3.3
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w hich  becomes a p p a re n t by com paring 3.1  and 3*3 w ith  th e  i d e n t i t y
*p,\[m2 6,,,. + P,,p J [ ( p 2+*2) övX -  PVPX] = m2(p ?+m2) 6 ( 3*^
T h is  i d e n t i t y  a ls o  l i n k s  th e  ’’n a t u r a l ” G re e n 's  fu n c t io n s  o f  th e  two f i e l d s .
I n  te rm s o f  tu = 9 -  i e  Ap, p, p, >
V/e w r i te  th e  f i e l d  e q u a tio n  f o r  charged  v e c to r  s p in  zero  as
r j  o 2 ^ 0  ^n it 0 -  m 0 = 0 *p, v ^p. 5
3 .5
3 .6
w hich im p lie s
n n 0 °  = n n 0 C p, v p p r \i 5 3 .7
o u r ch o ice  o f  f i e l d  eq u a tio n  b e in g  l im i te d  by  th e  req u ire m en t t h a t  tt f  sh o u ld  
s a t i s f y  i t ,  when f  i s  a charged  s c a la r  f i e l d  o bey ing
(712 -  m2) f  = 0 3-8
The zero  a f f i x  on  0  ° i s  o m itte d  i n  th e  r e s t  o f  t h i s  s e c t io n .  
3y  ta k in g  th e  u s u a l  la g ra n g ia n  f o r  th e  s c a lo r  f i e l d  f ,
-  ( tt f )*1 it f  -  m2f  *  fv p. ;  p. >
and making th e  re p la c e m e n ts
f  — ► m ^ 7t 0p, ^p. 7C fP-




one obtains - L = - m2(Zf ^ 0 - (n 0 )S n 0 *v r\i i_L r\y P P 1 3*11
for which - 9 L 0 *  = - 0  ^ - ie A VJ nn 0v p 'p 5
3.12
and -ÖL/5Ö 0S = - 6 n 0V p, 'V p.v P r p 9|1V p 3.13
showing that L is a Lagrangian for 0 satisfying 3.6. We take the 3 vertexV
and 4 vertex functions ds the matrix elements of
-i [Lv (e = o) - Lv (e)] = - e ( i / / a ^ - S ^ v) ♦ , 3.14
where all operators are regarded as free fields - the Fourier expansion of 0
P1
being written below •
The conventional pragmatic argument for fixing the propagator for vector
“2 2 2spin one as -i (6^  -f m  p^P^/Cp + m - ie) is to compare 3.3 and 3.4 and 
further insist on a Feynman-3 tu eckelb erg denominator: we apply the same argument,
comparing 3.1 and 3.4 to obtain as the propagator for vector spin zero
. [p p - (p%m^)6 ]-1 v 7 pvJFp,v 2/2 2 . vm (p +m -ie;
3.15
Therefore, if we have cause for rejecting G , we likewise have good cause forJ?
rejecting the usual spin one propagator. In many places we find that the vector 
spin zero propagator is implicitly taken as
Fpv
-1 v / 1
2 2p +m -ie
3.16
The more sophisticated argument for determining the propagator is to calculate 
the vacuum expectation value ^ T  0 * (X) 0 (o)^ • We refer our readers to the
parallel argument for spin one to be found in Appendix A2 of Lee and Yang. Briefly,
6 9 .
i n  o u r c a s e  we would ta k e  th e  F o u r ie r  d eco m p o sitio n  o f  th e  second q u a n tis e d  f i e l d  
a s
«^(X) = ( 2k) ~ d ^ k ( 2 w ) a ( k )  exp ( i k r  -  iw t)+ bÄ(-k )  exp ( ik r+ iw t)  ]^/m  ^ 3 .17a  
cf> (X) = (2n:)'"^//^y d \ ( 2 w )  ^ 2[a (k )  e x p ( ik r - iv / t ) -b ^ ( -k )  e x p (ik r+ iw t)  ](~ iw )/m  j  ^,17b
i n  w hich w = (k 2 + 3*18
and  a (k ) , b (k )  a re  a n n ih i l a t io n  o p e ra to r s  f o r  w hich
[ a ( k ) ,  aA( l ) ]  = [ b ( k ) ,  b4 ( l ) ]  = 63 ( k - l )  » 3.19
and o th e r  com m utators v a n is h . Dyson’ s  T p ro d u c t ag d e f in e d  f o r  X = ( r , t )  by
3 .20aT j y x )  0 v*(o) = ^ ( X ) ^ vH(o) f o r  t > o
K W  W  f o r  t < o
= i  ^ W v* ( ° )  + 0 / ( o ) ^ ( X ) )  f o r  t  = o 
has th e  vacuum e x p e c ta t io n  v a lu e
< T0 (X )0 ^ (o )>  = (2tt)~ ^  f d \(2w )*"^  exp ( ik r - iw t )  q^q^/m2 t > o





-  (2n)~^ f  d \ ( 2 w ) " '1 exp ( i k r ) [  q ^ + q ^ q ^ ] / ^ 2 t  = o ; 3 .21c
w here q, = iw , q . = k .  ( j  = 1 ,2 ,3 ) .  One can r e p la c e  th e  r i g h t  hand s id e  o f  3*21
' J J
w ith  th e  fo llo v d n g  Feynman ty p e  i n t e g r a l
H" =
r  - ° °
(2 n )- 3 y d 3 k (2 n i) -1  l
*  -oo
k k / m l 8, 8,p. v > __  4[i 4v
2 *”  2k k +m - i e  ma a
exp ikßXß
3.22
The a p p ro p r ia te  in t e g r a t i o n  c o n to u rs  fo r  t  > o , t  < o b e in g  in d ic a te d  by th e
7 0 .
fo llo w in g  s k e tc h
? o r  t  = o ,  excep t i n  th e  case  (i s  v = j  e i th e r  u p p er o r  low er c o n to u rs  can be 
ta k e n ,  w h ile  f o r  jjl  = 4 , v = j  th e  k^ in t e g r a t i o n  a lo n g  th e  co n to u r
— w
'MLf +W
v a n is h e s ,  a s  i s  r e q u ir e d  by th e  sym m etric d e f i n i t i o n  o f  th e  T p ro d u c t f o r  t  = o .
[L ee and Y ang, i b i d ,  have made a f a u l t y  a n a l y s i s ,  i n  s p in  one th e o ry ,o f  th e  s im i la r  
d e te rm in a tio n  o f  th e  vacuum e x p e c ta t io n  v a lu e  o f  th e  T p ro d u c t f o r  t  = o ] ,
Y
One cou ld  p ro cee d  to  ta k e  G ^ a s  th e  v e c to r  s p in  zero  p ro p a g a to r  i f  one now 
d e te rm in e d  th e  H am ilto n ian  i n  th e  i n t e r a c t i o n  r e p r e s e n t a t io n ,  and d e te rm in e  th e  
3 -and  4- v e r t e x  fu n c t io n s  as w e ll a s  a l a r g e  number o f  n o n -c o v a r ia n t ( i .  e.^ non­
m a n ife s t  ly -c o  v a r i a n t )  v e r t i c  e s .  P resum ab ly  one co u ld  p rove e q u iv a le n c e  theorem s 
whereby some o f  th e  n o n -c o v a r ia n t v e r t i c  0 s  c o u ld  b e  e l im in a te d  s im u lta n e o u s ly  w ith  
th e  d ropp ing  o f  th e  n o n -c o v a r ia n t te rm  i n  th e  F o u r ie r  tra n s fo rm  o f  - (w hich le a v e s  
G ) .  We have most d e l i b e r a t e l y  a b s ta in e d  from  such  p ro c e e d in g s , a s  we have n o te d
*  r * v
t h a t  th e  pu rp o se  o f  th e  5 ^  5^  te rm  i s  m ere ly  to  g iv e  th e  in te g ra n d  i n  3*22 
c o r r e c t  a sy m p to tic  b e h a v io r  l w hich i s  a c h ie v e d  more s im ply  by o m itt in g  th e  6 te rm  
and r e p la c in g  l/m  by th e  p r in c i p a l  p a r t  o f  l / k ^  k . H ote i n  a m p l i f ic a t io n
that 3.23
(, 2 2\ / 2 (,k +m )/m k% 2
/, 2 , 2w . 2 2 , 2n “ ,2 2 , 2  ,2 , 2(k -k } (k +m -k ) k +m -k k -ko' - o - o
explicitly showing how pole and asymptotic behaviourqig’ just what core needed for 
3.21 to be equivalent to
2 j^ (x)j2fv*(o)
d k k k /k^
, 2 2 .  k +m -ie
exp ikx 3.24
provided we do not count in the contribution from the pole of the integrand at 
2k = 0. There are several devices available for this purpose, such as specifying 
that
,2 ^  ( „2 )
L/2|k| 1/2 jkj 3.25
+ |k l +ie(t)? ko + |k| -ie(t)y
where n 0 and e(t) is the signature of t . We don*t seriously propose the
specification 3,2€T> nor equivalent manipulations of the kQ contour. Failing our
future finding of an elegant specification, we shall examine the calculation of the
Fourier (x)j# (o)^ using the modern mathematical methods of the theory
J-0 V w
of distributions, [See Lighthill (1938)» and Guelfand (1962)]. For the moment,
2without giving a precise meaning to l/p , we take the value of vector spin lines 
as
/P 3.26V g  /p2 2 2p + m ~ is
The ultimate justification for this “choice” lies in the results of calculations 
performed in the next Section, wherein it is determined that on this G leads to 
a theory manifestly isomorphous with scalar spin zero (the spectral weights of 
vector spin zero being identical with the spectral weights of scalar spin zero).
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4 ,  V ector Spin Zero C a lcu la tio n s
In  th e previous s e c t io n  we d e ta i le d  the c o n s id era tio n s  th a t le a d  to the  
fo llo w in g  s p e c if ic a t io n  o f  graph elem ents fo r  th e v ec to r  sp in  zero theory
El ement
In te r n a l photon l i n e  
[ i n  Fermi gauge]
In te r n a l meson l in e
3-V ertex
4 -V ertex





- i  6 
____ fciv
k2 -  i e
PaVe
rFaß 2 2p + m -  i e
\
--------- *— t -
p H ß p 'a
/
quVX ,  q'p-
J i i
p"ß p*a
L  (p ”ßj p*a)r
= - is  (P’a V ^ ß V
U =
E xtern a l photon l i n e  kX . -  jj, - £p, * '
(p o la r iz a t io n  X) jj, . ---------------. kX ( 2 n ) ^ 2 (2^c
E xtern a l meson l i n e
( ^ )3/2 ( 2| Po0V2
A d d ition  loop  fa c to r 1 /2
Each diagram i s  evaluated  by th e in te g r a t io n !  (2 tc) “^ d \  d k over each
°
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in dependen t i n t e r n a l  momentawk. Com plete d ia g ra m s , a s  d i s t i n c t  from  diagram  p a r t s ,  
a c q u ire  a f a c to r  2 iti 8(p^ -  Pf ) w h « ^  e x p re s se s  o v e r a l l  momentum
c o n se rv a tio n .
X
by  e q u a tio n  3*4, th e  p u ta t iv e  p ro p a g a to r  G- 0 has th e  in v e rs erap
4 a ß  (P) = - 1 (PaPß + “ 2 5aß)
so t h a t
GPaß (P"> -  GPaß <P'> = e' 1 (P " -P ’) li [ - i e  ( p ' ^ ^ + p * ^  ) ]
4 .1
4 .2
e- 1 (p M- p ) li V (p Mß , p*a) . 
r  r 4 .3
Thus G- s a t i s f i e s  Ward*s i d e n t i t y .  I n  p a s s in g  we n o te  t h a t  (o m it t in g  meson in d ic e s )
V^(p"+k, P*+k) -  Vv ( p V ) - e “ 1 k U[i jiv ; 4 .4
so th a t  th e  g e n e ra l is e d  W ard’ s i d e n t i t y  i s  s a t i s f i e d  by  over  3“> 4 ~ v e r t ic  @s.
The r e a d e r  f a m i l i a r  w ith  th e  i n t e r e s t i n g  p a p e r by Ward and D elbourgo  (1964) 
w i l l  n o te  t h a t  a t  t h i s  e a r ly  s ta g e  o f  th e  a n a ly s i s  i t  i s  a p p a re n t t h a t  our th e o ry  
o f  v e c to r  sp in  zero  i s  i n  c o n t r a d ic t io n  to  a t  l e a s t  one o f  two b a s ic  axioms 
ad o p ted  i n  t h a t  p a p e r:
X Y( i )  I f  th e  a p p ro p r ia te  p ro p a g a to r  i s  G o r  G and y e t  th e  th e o ry  i s  f i n i t e ,  th e n  
we have produced  a c o u n te r example to  " th e  fundam ental c r i t e r i o n  f o r  th e  
s t a b i l i t y  o f  any ap p ro x im a tio n  f o r  com puting M [ a r b i t a r y  g rap h ] which b a se s  
i t s e l f  on th e  Dyson form alism " p o s tu la te d  by Salam  and D elbou rgo , namely
G V D■1/ 2 = 0 (1 /k 2) 4 .5
f o r  la r g e  k .
( i i )  Salam and D elbourgo ta k e  YYard*s i d e n t i t y  a s  fu n d am en ta l to  quantum e le c t r o ­
dynam ics, However n e i th e r  G  ^ o r  G -  b o th  p u ta t iv e  ze ro ^ ap p ro x im atio n  to
the meson propagator - an inverse so neither can satisfy Ward's identity,
X Ywhereas G- does j_4.3]* Nor G- or G satisfy Ward's identity in the 
differentiated form not involving inverses.
0S(p)/ap^ = e"1 S(p)V^(p,p)S(p) 4.6
Of course G- does satisfy 4.6.
We now proceed to outline calculations performed in this theory. First we
2 2 X Ynote that on the mass shell p +m~ = 0, the numerators of G-(^), G- (p) , G- (p) are
all equal. Thus, provided that in the case of G- (p) one applies Cutkosky's
analysis in a simple-minded manner, merely replacing the ^denominator) by delta
ike
functions irrespective of ^numerator, one will determine the same discontinuity - 
spectral weight - for the graphs
and all three putative propagators will give the same magnitude for the vertex 










We save ourselves some trivial computation by noting that
4,10
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P %  (p’*ß, P*®)p*a = -ie [p,2pHp + P,,2P*^] *
2 2 2so that on the inass shells p* = pu = -m
p,,y. (p"^ P’a)p'a = ie(pV  + p"u)P P W 3
4.11
4.12
so that^graphs depicted in 4.7 and 4.9 that involve closed meson loops, and in 
addition the vertex function 4.8, all have the same discontinuities when evaluated 
in vector spin zero theory as when evaluated in the scal3r spin zero theory. In 
particular the correction to the photon propagator is the same for vector spin zero
Has for scalar spin zero, namely that (to second order^the Lehman-Kallen spectral
weight is
p3(^2) 1C 2 248 tü p.
4 2 J/ 2 2 2( ! - ■ % • )  8 ((i2 - km2) 2.9
which can be substituted in 2.4 to give an explicit expression for D 
Applying Cutkosky's prescription to the graph
V p)
k
7 <--- V 4.13
the branch cut discontinuity of 2(p) is in Fermi gauge, for all three trial G- as 
noted previously
2 I ,4.
disc 2 c (p) =
Y6 o 2 1(2«)
- fd\J, 2 f2 Sp[k2]y(?-k)2^ 2|pY8a(1+qa6Yli)(,3aVpv>(V 6 v +p6Sßv7 ,4.14
where the expression in curly brackets has the mass shell value (cf II Appendix 3) 
PYP6q“+PrP6q2+qif8Y5+=lrp£q" = -m2i;pY <lg+p6«3Y+p^,6-m'=:6T6] , 4.15
= -“‘[p^U-ffiVp2) + p p^ b - m28Y5] 4.16
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Thus
disc SYg(p) = [p^j, (2-m2/p2) - Sy5 m^][l + “7 p '''] 0 (-p"-m‘) 4 4*17
"Che branch cut discontinuity of the corrected propagator
~ G]?aß^ + SF*/p) GPy8^ p' 3 4.18
apaß(p) ♦ [0 s s]ap(p) , 4.19
is then given by
use [a s g] ^ . g  ef (1 - m2/p2)




" \  > ~ (p2-^2)^^ + ^  )] I;9 2 2naß
2/ 2 2vm (p + m )
4.21
disc [GY2G-Y ]aß
2 / 2 2v-Pap e (p -m ) / 2 2n
2 TS (~P "m } •m m (_p +m )
4.22
These expressions give us our ultimate confidence in G^ , g being the appropriate
propagator for vector spin zero in Table IV T 4. For the asymptotic behavior of 
X X  Y Ydisc [S 2 Gr ] and disc [G 2 & ] hardly makes either suitable for determining 
spectral weights} and one is at a total loss to envisage the relationship to the 
scalar theory. As to our theory, we note the presence of p^Pß / p in G ^ ß  ensures 
that to any order the corrected propagator Gflß shall not involve 8 g *, we then 
postulate the D.R.
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&a ß ( $
- » o. 2 2p p + m -  i e $( , / 2 2s I oT(n2)d  p.2 )1 + (p +m ) ^v ■ p + |i -  i e  '  ? 4 .2 3
vj^ic^. t  e>
amd «oe üVykn VwN2& i n  ^second o rd e r  th e  v e c to r  s p in  zero  s p e c t r a l  w eigh t is
2 2 2V, 2\ e^ li + xn „ /..2  _2X
0 (»* ) = 7 2  7 * 2 " 2 r r  e (i" -  m ) -
Q n  [ p ,  - m  ) j i
4 .2 4
R e fe r r in g  back  to  2 .1 7  we s e e  t h a t  i n  second o rd e r
* V )  = c?(p2) ♦
We have c o n f id e n c e  i n  su g g e s tin g  t h a t  t h i s  e q u a tio n  (4 .2 5 ) h o ld s  to  a l l  o r d e r s .
I n  re g a rd  to  th e  D.R. 4 .2 3 3we must p o s i t i v e ly  d e c ry  s im ple  minded a t te m p ts
a t  d e r iv a t io n .  The prob lem s in v o lv e d  can be  seen  from  th e  fo llo w in g  scheme:
lU ?  o f  T (»»«»duct fc »  « cU«»r d / t x ;
I S  <^Tf(x)f* ( . ) 3  = ^ '■ ^ 1 ; exp (ikx) j  2 ----  t 1 + (p2+“ 2) I  ^
l ( 2 ic )  'p  +m - i e  |  p +p. - i e  '  •
fthJb ( k  (x)Av(©)>
/  J ( * >
Zj. _
d k r vUV , 2-1+ o rd e r  e J #
-  i 6
4  exp (ik x ) [ —
k - i e
u-><?




One m ight a n t i c i p a t e  t h a t  4 .2 3  w ould a r i s e  from  d e te rm in in g  th e  vacuum e x p e c ta t io n  
o f
- 2 T i  f ( x ) n  V ( y )  o r  Q’ 1 Tit f (x ) i t  f (y )  . 4 .2 8
We have to  seco n d  o r d e r ,
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< T  7i.if(x)T iv:af 3r(y )>  = ^ T (d f (x ) /d X ^ ) (d f* (y ) /d y )  + e ? <TA ^(x)A v ( y ) f ( x ) f H( y ) >
4 .2 9
The seco n d  te rm  i n  4 .2 7  i s  e a s i ly  o v e rlo o k e d : i f  one chooses to  ig n o re  t h i s  term
th en ^p resu m in g  tha t- «U ffereaiühanw ith in  th e  in te g ra n d  i s  p e rm itted ^ o n e  w i l l  a t  once
—2 ~2a r r i v e  a t  th e  i n t e g r a l  i n  4 .2 3  (th o u g h  p e rh ap s  w ith  p re p la c e d  by m ) .  The 
n e g le c te d  te rm  can however be r e a d i l y  d e te rm in e d . I t  i s  i n  Ferm i gauge




(27t)4  k 2- i e  ex5? ( ik x )
A - i
/ 0 \4  2 2 . exp ( i l x )(2n)  1 +m - l e  v *
21 dSc .. ( d4l - i 6m.ve 1 -------^  exp ik x  \ -------^ ------- c-~ - i
(2tc) ( 2 n y  ( k - l ) 2- i e  l 2+m2- i e
)• i I — exp i k x  [( 2 k) 16n dp2 (p 2-m2)2 , 2 .  J' uv[i +k - i e  r]S, 4 .3 0
[The s te p  from  4 .2 8  to  4 .2 9  i s  a F o u r ie r  c o n v o lu tio n  t we t r e a t e d  th e  r e s u l t a n t  
g rap h  ty p e  i n t e g r a l  i n  our u s u a l  manner- ]*
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Finally we write down an explicit formula for the radiative correction to 
the >  vertex in vector spin zero theory. For the case considered, both mesons on tUe
mass shell, p ,2 2 2>” = -m , the radiative correction is given by the graph 4.8 *
fck*
'W0 by virtue of 4.12 and ^ ensuing discussion we can write it down at once in terms 
of the radiative correction to 3-vertex in scalar theory as
-P%P*
rad V (pHß, p*ct) — “ rad V (p"p*) 4.31
ie P,aP‘,ß(p,+Pw)^ L \Idx v(-x) a2Q +x-i£ 4.32
where Q = 4.33
2 „ 2and the spectral weight v(Q ) calculated in Section 2 *s (note p. — > o#, infra­
red divergence)
v(Q2) \ log (1 Q2^ 2 n) (l+2m2/Q2')6(-Q2-4in2')2 ') ,,2 ,, , 2/r.2sl/2 33p. ' Q (l+4m /Q ) '
In summary s in this section calculations were made in the vector spin zero 
graph theory, using the elements of Table IV T 4, of the lowest order radiative 
corrections to photon propagator, meson propagator, 3~ver’tex> the quantities 
determined being expressed as dispersion integrals. We failed to prove the dispers­
ion integral for the meson propagator, but showed that an equivalence [isomorphism] 
with the scalar theory would hold for the adopted form of D.R. : this particular
D.R. is the most interesting outcome of this analysis. We noted that Y/ard*s 
identity is not satisfied by our choice of meson propagator and 3-Vertex. We saw 
that diagram parts incorporating closed meson loops only would have^same magnitude 
in this theory as in the scalar theory.
8 0 .
5 . ß  k a t r i x  T heory  o f  
The g ra p h  elem ents
E lem ent
I n t e r n a l  p h o to n  l i n e  
[ Ferm i gauge]
I n t e r n a l  meson l i n e
3 -V e rte x
4 'V e r t  ex
E x te rn a l  pho to n  l i n e  
( p o l a r i z a t i o n  X)
E x te rn a l  meson l i n e s  
( o f  c h a rg e  + e)
Gharged S p in  Zero
f o r  t h i s  th e o ry  a r e  a s  fo llo w s!




[ i , -------- ~ k X









 ^ p + m -  i e
V(pwp") = - e  ß
r  H*
(k)
(a 0 ^ (2  |k0l W2
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Peaslee (1949) showed that the above set of graph elements gave in lowest order 
the same value of matrix elements as the theory based on the interaction Hamiltonian 
density [Neuman and Purry (1949)]
e2 “ Ä /„H = [ - ia^ +-  0 ß|i(l + ß4)P/Av]A^  ,
where n % 2?4- 1
5.1
5.2
We are unaware of any proof to nall orders of perturbation theory* ” - that the
nonr*covariant 4-vertex can be omitted. With regard to Ward* s identity, it is 
apparent that t U  S ? c |> ' ^
a5(p) = ir <L c: .p + m  - IE
satisfies this identity, i.e.,
[s£ (p")r1 - [s£ (p’)]"1 = e'1 (p" - p')i V (p-V)
ig virtue of fLe




The Sy of the table does not satisfy
a3p (p)/aP^ = e-1 (p ) ^  (PP)3^  (p ) > 5.6
and having no inverse, it cannot possibly satisfy Ward’s identity in the strong 
form (5.4). It is interesting to see that just as in the previous Section where we
Ydiscussed alternate forms of G-(p) , in this case both and Sp give the same 
magnitudes to the diagrams
- - 0 - - — <- 5.7
which we evaluate below.
So far the discussion really covers both spin zero and spin one for which
We s p e c ia l i s e  to  th e  5 x 5 i r r e d u c ib le  re p re s e n ta t io n  a p p ro p ria te  to  sp in  zero 
Y/hen we r e q u ir e
(M -  l ) ß P-v
M





a theorem  th a t  i s  e s p e c ia l ly  easy  to  v e r i fy  fo r  th e  5 x 5 ß th a t  a re  w r i t te n  down
V
in  Appendix I  (These same ß a re  to  be found in  Romar^(l961) p . 1 4 7 ]) . T h is  
theorem  y ie ld s  on c o n tra c tio n  w ith  5^v
(M -  1) (4  -  M) = 0 5 5.11
so th a t ( M -  1 ) 2 M -  1 . ( 4 - M ) 2 4  -  M
( 3 ) '  3 ’ ( 3 ) " 3 •
5 .12
As by 5 ,8 % + V M = 54 > 5.13
whence M ß = ß M >U.V r |lV 5.14
and a lso Tr (Mß ß + ß Mß ) = 5 Trß ß 5.15
i.e .* , 2 T r M2 = 5 Tr M * 5.16
So by 5 .1 1 , 5 Tr M = 4  T r 1 ^ 5 .17
thence Tr M = 4  o 5.18
The t r a c e T r — —  = 1
3 3
5.18
ta k en  to g e th e r  w ith  5*9 enables one to  determ ine
Tr Qfci) ß ß . . .  ß = 6  6 . ,  • 6
3 *Vl Vn V l 2^v2 Vn
5 .19
th e n  as by 5.13> (M -  l ) ß  = ß (4  -  M)
r* r  +
5*20
83
M — J= T r -- - - -  ß
ii v 3 v ,u ,0r n  n  J  l r 2
• ■ • ßv ll rr 1
5 .2 1
V 2 V 3
• • .  6 v u,n n r l
5 .2 2
T h is  r a t h e r  n e a t fo rm u la tio n  i s  an e x a c t p a r a l l e l  to  ou r t r e a tm e n t o f  10 x 10 ß 
m a tr ic e s  i n  C hap ter V, theorem  5*9 c o rre sp o n d in g  to  th e  theorem  p ro v ed  t h e r e in  i n  
th e  sen se  t h a t  ( - )  ( f t  -  M) ß ^  / 3  can r e p la c e  II , See e s p e c i a l l y  V S e c t io n  4 ,
So much f o r  a lg e b ra .  We now a p p ly  C utkosky’ s p r e s c r ip t i o n  to  d e te rm in e  th e  d i s ­
c o n t in u i ty  o f  th e  g rap h  g iv in g  th e  lo w e s t o rd e r  r a d i a t i v e  c o r r e c t io n  to  th e  p h o to n  
p ro p a g a to r ,  v ix . j
P'
H--------- 5 .2 3
nam ely d is c  D (k) = ------- 2^ d " p t difp ,’6 (k - p , +p,,) 6Ti( p , 2+m2) 6p (p ,,2+m2)T r.,v (k) 5 .2 4
where T r (k) i s  th e  m ass s h e l l  v a lu e  o f  
JJ.V v '
+ nT1 ßp| 2 ]ß v [ iß p ” + m"1 ßp*'2 ] 5 .2 5
P"P*) + n f 2 (p^p*p"2 + p " p ”p * 2) 5 .2 5
%  (P f -  P " )v . 5 .26
Thus d i s c  E ,v(k) has th e  same v a lu e  a s  i n  th e  s c a la r  and  v e c to r  s p in  aero  th e o r i e s  
p r e s e n te d  i n  S e c tio n s  2 , 3 and 4 . We r e f e r  th e  r e a d e r  to  th e s e  c a l c u la t io n s  f o r  
th e  e x p l i c i t  fo rm ula f o r  D
The r a d i a t i v e  c o r r e c t io n  to  th e  meson p ro p a g a to r  depends on th e  SE p a r t
1------*  9
q = p + k
Z(p) 5« 27
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■which lias th e  branch cut d is c o n t in u ity  in  Fermi gauge 
2
d is c  Z(p)
(2n)
in  w hich we may reduce
4  1 d4 kd4 q6(p-q+k)27i:i8^(k2 )27i:i8^(q2+m2 )ß }ji[ißq+m“1 ßq2 ]ßv 8ijA)35 .28
ß^Ci-ßq. + nT1 ßq2)ß ijj = iß q  + m"‘1 ( l  -  M) ßq2 + m“\ l q 2
•o -4  2 = iß q  + m q «»
5 .2 9
5 .50
Then by I I  A 3*5> I I  A 3*6 
2
d is c  Z(p) 2 [iß p  (p* -  m2) /2 p 2 -  m ]| (1 + m2/p")G ( -  p2-  m2) # 5 .312 2>
(2 tt)
Note th a t th e r e  are  no terms in  ß in  5«31« We can th e r e fo r e  proceed e x a c t ly  asjiv
in  sp in  1 /2  ca se  (where we w rote down the DR I I I  3 .1 7  fo r  2 (p ) )  to  p o s tu la te  the D.R,
5-32
2 2 , /  , 2 iß P Zl ^  + mZ2( 4 )Z(p) = -  i ( p  + m ) f  dp - 2 2p + p, -  i e
The sp e c tr a l w eig h ts  z^ and z^ are  then r e a d ily  determ ined from 5*31 and. th e  form ula 
d is c  Z (p) = 2 k (p2
and.
m2)[iß p  z^ (-p 2) + m z 
o 2
2 (-P2) ] ,
2 2
5 .3 3







f 2 S e





* i s  then given by
Sp (p) + Sp (p) Z (p) - ;,-P (p) } 5 .36
2 2 x.where^ e x p lic it ly ^  fo r  p + m >  0 ,
. 2 / 2  2\  /  /  2 2 \  2 2 2 2 N 
r y f  \ l e  Cp + m ) ( r i (p -m ) p +m n p +m ;
2(p) ------------- 5 ^------ 2 ( <6p L1 + 2 ’ ' l0 £  *2' ' -1+ m lo g  "  <
32tc’“ p ' p m m '
5 .3 7
85
7<re com ple te  t h i s  S e c t io n  by c a l c u la t in g  th e  r a d i a t i v e  c o r r e c t io n  to  th e  3- v e r t  ex !-
qn = p n- k  J  q* = p ’-k  
\ 7
-  e r a d  V ( p np*) 5.38
-  k
2 2 2As u s u a l  we s e t  p H = p* = -m and h an d le  th e  IR  d iv e rg e n c e  a s  in  C h ap te r I I  S e c t io n  
4-. Then C utkosky*s p r e s c r i p t i o n  a p p l ie d  to  t h i s  d iagram  g iv e s  i r r e s p e c t iv e  o f  gauge 
o f  p h o to n  l i n e
d is c  r a d
w here W. 
and
Expanding
\ ( p v ) =
= ß j iß q "r
+ m_1ßq"2]PK[iß p
6p[q"2+in2]6p[<i'2+m2]Wx 
> H- m“ 1ß p '2]ß v6iiv
qM = p ’ - k  , q* = p* -  k
5 5 .3 9
5 .4o
5 .4 0
-  ß „ ß q ^ ß q 'ß „  ♦ - ' 2 P ßq"2 ßx ß q - \  + i [ ß uß q ' \  ßq' 2 .8 -  ß„ßq',2ßxßq’ ß j  5 . u
The v a lu e  o f 74 i s  e a s i l y  found by u s in g  5 • 9« Wc have A
i  w 
3 X
= [ “ + nT2q£q, 2 ßq + (q 'q * * ^  + q 'q Mq£)] ^ 5.4-2
and  as (4  -  M) = ßj, (1 -  M) 3 5 .4 3
4—M— i- w
3 X
= [ -  q£ßq* + m“ 2q"^q^ßq’ + ~  (q ”q,2 k + q”2 q»M)] . 5 .4 4
As w ith in  th e  in te g r a n d
,2  »12 2 n i i i |  ^ 2 . 8q* = q" = -  m , 2 q T q ' = - 2m -  Q 3 5 .4 5
and th e  co v e rin g s  a r e
LHS iß p "  = - m , RHS ißp* = -m 5 5 .46
we can f u r th e r  s im p l ify  5*4-3» 5*44- •
8S.
\  = -  ( q ' + q ")x pk -  im (q* + q " )x + ( o ' + q " )x iq 'q " /n i  ,  5.47
\  = T  K V  *  q" ; X *“  ~  3 "  ' '  ^  -  3(q ' + q”)^ i3ic “ ( q 1 + q’%  “ im — -‘(q* + q'*)
5.48
Yfe s e p a r a te  c u t  th e  p a r t  o f  th a t  g iv e s  an IR  d iv e rg e n ce
-ft -  Yi + W ^\  \  + \  * 5.49
W. ‘ i s  th e  p a r t  o f  W. in d ep en d en t o f  k J 
A. A.
2 ,.2. , . ,,s ( .  4-M 2m + Q M-l )
1(P'  + P")X ( -  > —  + 9^ {3 )
5.50
OK 2 ~2i ( p ' + P")v Pk + [6m -~r ^  ] -  2 ^ ßk . 5.51
C o rresp o n d in g  we have^by I I  A ppendix 5^ 
IRd i s c  r a d  V. / . ,,\ / 4-M 2m" + Q2 M -l \ e2 ^ ,Tfll( p ' + P " )x ( -  3m —  + ------" X  ) -7 ^ 2  VfL] ,
. »^C t\
V [l] = 2 log [X -  (Q2 + 4ffi2) / i i 2 ]K ,
5.52
where -  it 9 ( -  Q2 -  4m2) / ^ 2 (1 + 4m2/Q 2) 1//2 -
Now^aSj by I I  A 5 .1 1 ^
ßu V(k ) = 2.'ß (p* + p»)K = 4  i  m k ,
p r  r
and by I I  A 5 .1 2
5 .5 3
f>,t Y( k . \ )  = [4 Q2 p;. + im (B + C )(p ' + p " ) x ]K 5 .S 2*-
w h ere in A Q 
B + C = 1
r.2 , 2-  Q -  4n ^ 5.55
5.56
th e  p a r t  o f  th e  r a d i a t i v e  c o r r e c t io n  f r e e  from  IR  d iv e rg e n c e s
2
-  v  r \d is c  r a d  V. ( p Hp*)A,
ie*
(2 tt)
v IX0K] 5 5.57
87.
= •=i|- £ - 2AQ2ßx + 2im (p> +p«)x[- 1 + (4-M) - (2 + Q % 2) (lt-1)/}] j *  5.58
The spectral weights for substitution in the dispersion integrals for the coeffic­
ients of
■i—  (p* + •> —jp (p* + p")x •> px 5.59
are then expeditiously determined. It is too trivial to actually write down these 
various DR and corresponding spectral weights. Note however that the coefficients 
of satisfies a subtracted DR, which is free of IR divergence, just like the 
coefficient S(Q~) of (p* + p M)^ -^n the spin 1/2 case. We have not as yet determined 
a simple physical consequence (akin to electrons magnetic moment).
IV APPENDIX 1
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A SEC OP 5 x  5 ß MATRICES
• • • • I
^1 = .....................
• • • • 1 
ß 2  ~ . . . .  .
1 • • • • • I  • • •
ß  -y  =  • • • • X
J ~  *  •  • • • 
• • • • 1
• • I  • • • • • 1  •
ß = rp,v
(11) (12) (13) (14) .
(21) (22) (23) (24) .
(31) (32) (33) (34) .
(41) (42) (43) (44)
• • • • $
w h ere  ( a ß )  = 5 6 Qjjia vß
and £  = (11) + (22) + (33) + (44) = 6
J-L V
iir
^1 + ^2 + ,ß32 + = ,,iiag 15 1 * 1 » M
I«  e ,j  M =
1 • • • •
• 1 • • •
• • 1 • m
• • • 1 •




ON THE TRACES OP 10 x  10 DUPPIN-mH/lER ß MATRICES 
In t r o d u c t io n
We c o n f in e  o u r a t t e n t io n  to  th e  10 x  10 i r r e d u c ib le  re p re s e n ta t io n s  o f  th e  
Hemmer a lg e b ra
V 1 .1,8p v \ + ß 6 . +  ß. 6 ' p v \  r \  vp
(A p a r t i c u la r  s e t o f  ß m a tr ic e s  and co rre s p o n d in g  M i s  to  be found i n  A p p e n d ix  5)p
I n  S e c t io n  3 we p rove  th a t  th e  q u a n t i ty  H ^ d e f in e d  i n  te rm s  o f  th e  o p e ra to r
k  = ß ß asV ^
has th e  t ra c e
T r  H
(lvi-2) ( ß -  6 ) ,v / x , pv pvy 5
-  6pV pV 5
and s a t i s f i e s  th e  fo l lo w in g  re d u c t io n  theorem




T h is  theorem  le a d s  to  an e x p l i c i t  co n ve n ie n t m ethod f o r  com puting  th e  t ra c e  o f  an 
a r b i t a r y  p ro d u c t o f  10 x  10 ß m a tr ic e s  (S e c t io n  4 ) .  M o re o ve r, i t  i s  found  th a t  
o u r theorem  i s  p a r t i c u la r l y  c o n v e n ie n t and in v a lu a b le  f o r  d e te rm in in g  th e  tra c e s  
o f  c o m b in a tio n s  o f  ß p ro d u c ts  t h a t  occu r i n  such c a lc u la t io n s  -  t h i s  we dem on s tra te  
i n  t h is  C h a p te r i n  A p p e n d ix  3 i n  re fe re n c e  to  th e  c a lc u la t io n  i n  th e  u s u a l p e r tu rb ­
a t io n  th e o ry ,  f o r  th e  charged  Hemmer f i e l d ,  o f  th e  f i n i t e  p a r t  o f  vacuum p o la r iz a t ­
io n .  A f u r t h e r  example o f  th e  v a lu e  o f  t h i s  theo rem  i s  seen i n  co n s ta n t o ccu rre n ce  
o f  tra c e s  o f  H p ro d u c ts  i n  th e  c a lc u la t io n  o f  th e  tra c e s  e v a lu a te d  in  V I A pp e nd ix  
2 i n  th e  co u rse  o f  th e  c a lc u la t io n
90 .
i n  Lee and Yg.ng th e o ry , o f  th e  same q u a n t i ty .
P re v io u s  d e te rm in a tio n s  o f  such  t r a c e s  a s  a r e  to  be found i n  A ppendix 3 w ould





v a n ish e s  f o r  odd n [Kemmer (1 9 3 9 )] . Now such  t r a c e s  have been  ta b u la te d  b e fo re  ~
s e e  e .g ,  Neuman and F u rry  (1949) who ta b u la te  Sp^ f o r  n ^  6 -  b u t th e  methods u se d
to  compute Sp^ fo r  n  ^ 4  la c k in g  knowledge o f  o u r theorem  w ere e x c e ed in g ly  la b o r io u s
[ a s  i s  confirm ed , f o r  in s ta n c e  by a rem ark in  p a p e r o f  P e a s le e  (1949) j .  We s e t
down i n  S e c tio n  4  an  e x p l i c i t  method t ta r t  f o r  com puting Sp th a t  i s  co n v en ien t andn
s h o r t  f o r  a l l  n . As an  example we compute Sp^ *, th e  re a d e r  may compare t h i s  m ethod 
w ith  two methods expounded i n  A ppendix 1 and 2.
As th e  c a lc u la t io n  o f  A ppendix 3 and c a lc u la t io n s  i n  VI A ppendix 2 show th a t  
th e  p a r t i c u l a r  t r a c e
Sp (M~2)n = T r (fc ir2 )ß ^ ;a .  .  .  } 1 .5
o c c u rs  f r e q u e n t ly  i n  e v a lu a tin g  lo o p  d i8g ram s5we t a b u la te  t h i s  t r a c e  f o r  n  = o ,
2 , 4 ,  6 i n  Appendix 4 . A lso th e r e in  we ta b u la te  th e  co rresp o n d in g
Sp (3-& )n = T r ( 3-M)ß
h»2 n ^
1 .6
and we w r i te  down th e  p re v io u s ly  u n p u b lish e d  t r a c e  Spg whose 24 term s d e m o n s tra te  
th e  in c r e a s in g  com p lex ity  o f  Sp^ as n  in c r e a s e s .
We in te r p o s e  b e fo re  th e  p ro o f  o f  our theorem  a s e c t io n  g iv in g  a summary acco u n t 
o f  th e  a lg e b r a ic  p r o p e r t i e s  o f  th e  10 x 10 ß m a tr ic e s .
2. The 10 x 10 ß m a tr ic e s
ß 6 , + ß. 6 ■ ji vX ‘X vji V 2 .1
im p lie s  t h a t  th e  o p e ra to r  Li [p e a s le e  (1 9 4 9 )] d e f in e d  by
9 1 .
M = ß ß (summed)  ^ 2 .2
I* P
has ( i n  any r e p r e s e n t a t io n  o f  2 .1 )  th e  p ro p e r ty
ß M + Mß = 
P P 5
2-3
ß M -  Mß =4 p,v r iiv 0 .
2.4-
The p r o p e r ty  o f  M s p e c i f i c  to  10 x 10 i r r e d u c ib l e  r e p r e s e n ta t io n  th a t
(11-2) (>M ) 2 .5
i s  e a s i l y  v e r i f i e d  i n  a p a r t i c u l a r  r e p r e s e n ta t io n  o f  ß m a tr ic e s .  We n o te d  in  I  
S e c t io n  5 t h a t  t h i s  i s  a r a th e r  fundam ental p ro p e rty /- .in so fa r  as  th e  c o n d i t io n  th a t
j
(S s a t i s f y i n g
( iß p  + m)j2f = 0 y 2 .6
(w here ß , s a t i s f y  2 .1 ) s h a l l  b e  a s p in  one f i e l d ,  th a t  i s  t h a t  Gf be an e ig e n k e t o f  
P
th e  i n t r i n s i c  s p in  o p e ra to r  3
r '? = -p 2te(>M) -  2(ßp)2 (M-2) j
o f  e ig e n v a lu e  2m s
r 2jZ = 2m2 0 , ;
e n t a i l s  e q u a t io n  2.5«
E q u a tio n  2*5 im p lie s  t h a t  M-2 and 3-M a r e  p r o je c t io n  o p e ra to r s
2 .7
2.8
(M -2)" = M-2 *, (> M ) = >M * 2 .9
N ote  (M-2) + (3-M) = |  2 .10
As (M-2) and  (3-M) commute, th e r e  i s  a r e p r e s e n ta t io n  i n  w hich b o th  a r e  d ia g o n a l 
and o f  th e  form  -  s e e  2 .1 0 ,  2 .1 1 , 2 .5  -
M-2
+ d e n o tin g  a d i r e c t  sum.
3-M0 * 4- 1  , 1* + 0 2.11
9 2 .
Now by 2 .3
Trß M ß + T r Mß ß = 3 T r ß ß a' JX ‘ JJL* p. p  jx
i . e . ,  2Tr M2 = 5 T r M
Then by 2*3 and th e  s ta te m e n t o f  th e  d im ension  o f  t h i s  r e p r e s e n ta t io n ,
2*12
2 .1 3
v i z , ; T r 1 = 10 2 .1 4
We deduce Tr Ivl = 24 v 2 .13
th e n c e T r (M-2) = 4  °> 2.16
and T r (>M ) = 6 2 .1 7
so th a t  th e  m a tr ic e s  0 and 1 i n  2 » V t a re  4 x 4 ,  th e  prim ed m a tr ic e s  O’ and 1 ’ a re
6 x 6 .
To d e te rm in e  Tr ß we o b se rv e th a t  2 .1  im p lie s
- f o T  ix /  v : 0 » (no sum) 2 .1 8
ß 3  =  
P- 4 > 2 .19
v . . . .  , , c T r ß = Tr ß ^ß = T r ß ß ß ß = 0  .^  p  ^  V  ? ‘ IX • V |x JA- V ’ [L '
he* c£.
isA*A^  th e  t r a c e  m ust b e  p ro p o r t io n a l  to  6 ^  :
2 .20
T r ß • jxv = - 4 ^  T r M = 6 S4  pv  - 2 ,21
The fo llo w in g  c o n t r a c t io n s  
th e  5 x 3  r e p r e s e n ta t io n )
fo llo w  im m ed ia te ly  from  2 .1  (and  th e r e f o r e
ft
ho ld  fo r
ß ß. ß• {X‘ \ r jx
II 2 .22
ß  ß ß[i p a jx = (1-M) ß  + M6 kx '  o p  per " 2 .2 2
ß P J’ }Xr pC FV jX = -  ß . + ß- + ß 6 .p \ o  r \ p o  p  o \ J 2 .23
ß (ß + ß ) ß ß
P V pc Op' X p
93.
(ß + ß ) * X po op'  * 2 .2 4
3. P ro o f  o f  Theorem
We v e r i f y  th e  theorem
H H pv pa -  6 H .pc pv ^ V 3.1
i n  a p a r t i c u l a r  r e p r e s e n ta t io n  o f  10 x 10 ß m a tr ic e s .  The r e p r e s e n ta t io n  need  n o t 
be e x p l i c i t l y  w r i t t e n  down f o r  our p u rp o ses  b u t in s te a d  may be  e le g a n t ly  s p e c i f i e d  
by in t ro d u c in g  a 10 e lem en t column v e c to r  0  w ith  s i x  e lem en ts  com prising  th e  in d e ­
p en d en t e lem en ts  o f  th e  a n tisy m m e tr ic  te n s o r  0  ^  and fo u r  e lem en ts  com p ris in g  th e  
components o f  th e  fo u r  v e c to r  0 • We adop t th e  sh o rth an d
*  = , 3 .2
andL* th e n  s p e c ify  th e  ß m a tr ic e s  we a r e  to  u se  a s  b e in g  sq u a re  m a tr ic e s  su ch  as  th a t
f o r  any b^ ,
P|i V  = i> a  ^  -  b ß bp PpJ • 3 .3
The s p e c i f i c a t i o n  o f  o rd e r  o f  in d ic e s  yuas ^  ^or*AM(a-
/  = [ 0 ^  0 ^  0 0^23 012 ■, 02 03 0 ^ ] s 3.4
f ix e s  o u r r e p r e s e n ta t io n  a s  th a t  to  be found  i n  A ppendix  3 and in  th e  book o f  Roman 
[Roman ( i9 6 0 ) p . I 5I  I m is p r in t  f o r  ß, ] .  We c o n tin u e  by ap p ly in g  a second  tim e th e
d e f in in g  fo rm ula 3*3 •
ß a b 0  = B a (ß b 0 )pv p v r  r p P- P» V 3.3
i n  p a r t i c u l a r M 0
[ a  b 0  p —a q b 0  % a bJ0  - a  b (Zf ] 3.6L a p ^pß  ß p ' p a  7 p p 'a  p a p J 5
3 .7ß 6 0r pv pv r [ 2  V  3 * k ]
i n  t h i s  r e p r e s e n t a t io n  M i s  d ia g o n a l w ith  11 t e n s o r - t e n s o r ” components
laß,YÖ 2 6aß,YÖ 3 3 .8 a
94
and '‘v e c to r - v e c to r ’' com ponents
M 3 6,a,ß '  aß •
The o p e ra to r s  k -2  and 3-M a re  a ls o  d ia g o n a l i n  t h i s  r e p r e s e n ta t io n
3.8b
[M-2] «P 8 d * [ 3-M] q r = 8 0 caß L Jaß, aß, y b  > 3.9
a l l  o th e r  e lem en ts  b e in g  z e ro . T hese two o p e ra to r s  a re  m a n if e s t ly  o r th o g o n a l 
p r o je c t io n  o p e ra to r s  *, a s  an  a s id e  we n o te  t h a t  t h i s  v e r i f i e s  eq u a tio n  2*3. E quat­
io n  3*6 shows th a t  th e  m a tr ic e s  ß a r e  th e  d i r e c t  sum o f  two m a tr ic e s  a c t in g  
s e p a r a te ly  on 0^  and 0 ^  The components o f  ß  ^ a c t in g  o n ly  on th e  v e c to r  p a r t  o f  
0 b e in g
[ p , . j
aß V  6aß 6Hß 6va S
3.10
w hich may be w r i t t e n  u s in g  3 ,9  as
8 6 qjiv aß 8 0 8 * pß va * 3 .11
Thus [H ] Q L iivJaß 5va 3 3 .1 2
w h ile  th e  " te n s o r - te n s o r "  components o f  H a r e  ze ro  5
i .  e . [H 1 0 c = 0 .L pvJaß,y8 3.13
Our theorem  -  e q u a tio n  3 .1  -  fo llo w s  im m ed ia te ly . We a ls o  s e e  from  3 .1 3  t h a t
T r H -  8 3 .1 4
, - lAs a r b i t a r y  10 x 10 ß m a tr ic e s  a r e  o f  th e  form  Sß^S w here 3 i s  a n o n -s in g u la r  
m a tr ix  th e  a lg e b r a ic  fo rm ula  3*1 I s v a l id  i n  a l l  r e p r e s e n t a t io n s ,  w h ile  th e  t r a c e  
i n  3 .1 4  i s  a r e p r e s e n ta t io n a l  i n v a r i a n t ,
Ve append to  t h i s  p ro o f  th e  c o r r o la r y  th a t
= ( - ) D „ 8„ „ . . .  8.
A
. . .  H
i n V -  LL_V„ LL V
r l  1 r 2 2 n  n
A A






(k -2 )  ( ß -  8 )




4 .  New method o f  com puting t r a c e s
Our theorem  1 .3  r e c a s t  i n  te rm s o f
A
H (lvi-2) ( ß -  6 )v / N 'vp, Vp/ 5 V 4 .1
A  / \
i s  H H = -  6 Hp.V p c  vp p,cr - 4 .2
Thence we may re d u c e  any p ro d u c t o f  n  H f a c t o r s  to  th e  p ro d u c t o f  ( n - l )  6 fu n c t io n s
/N
and one H f a c t o r :
$ 'e  
P101 P2P2
. . .  H = ( - ) n -1  6 6
pn °n  al p2 a2P3
... 6 AH
C 1 Pv, Pl^n - l  n  1  n
4 .3
As (M-2) i s  a p r o je c t io n  o p e r a to r
(M-2) M - 2 4 .4
we can w r i te
(M-2) ß (M-2)(H + 6 )'  7 v vp, vp,7 4 .5
and iro reover a s  M-2 commutes w ith  th e  p ro d u c t o f  2 ß  m a tr ic e s  }
(M-2) ß^v = ß C*-2) , 4 .6
we can expand th e  p ro d u c t
(M -2)ß . . .  ß = (M-2)(H + 6 ) . . .  (H + 6 u ) 4 .7
P1P2 p2n ^2^1 ‘‘l h  * 2x1* 2 0 -1  5
and u se  th e  t r a c e s
A s
T r Hp,v -  6(iV *, T r (M-2) = 4 4 .8
96.
to expeditiously determine
Sp (M-2) Tr (M-2)ßti n ...
^ 2  ^2n % 4.9
Further?as a variation of 2.3
(>l*)p = ß (M-2) , 4.10
thence the trace
Sp(>M) Tr —1^ 2 4.11
Tr (l£-2)ßdd dnd J 4.12
is determined by a sickle permutation of the indices of 3p (M-2) . Then
'2n




^ 2  112n 5
is determined by the addition
4.14
°^2n ” (M-2) + Sp (3-M) 4.15
As an example we confute Tr ß . Firstjivpa
Tr (M-2)ß4vpc = Tr (M“2)(H^ + &|j,v)(Mjp.+ 6p(j)
A A
1 h*y + Vv H(7p + 5pa Hvji + (^2)6^v6pa]




6 8 +28 8 vp pv pa 4.19
9?.
Then T r (>-M)ß =w  / l pvpo T r (M-2)ßx / r vpap
6 6 + 2 6UV pö vp 6cp
So by a d d i t io n  




T h is  same t r a c e  i s  com puted i n  A ppendices 1 and 2 by th e  p re v io u s  m ethods. The 
trem endous s im p l ic i ty  and convenience o f  th e  method i n  c a lc u la t in g  Sp^ becomes 
in c r e a s in g ly  ap p a re n t a s  n  f u r th e r  in c r e a s e s .
98 .
V APPENDIX I
IKüUCTIVE mSTHQD OF COMPUTING TRAGUS
T h is  method o f  com puting th e  t r a c e  o f  p ro d u c ts  o f  10 x 10 ß m a tr ic e s  u t i l i s e s  
th e  fo llo w in g  fo rm ula i n  an in d u c t iv e  manner;
T r ß . P + T r ß . Pr p,\v  1 vXp, 5 , T r ß P  + 6 ,  T r ß F • |x\ ‘ v v \  r p, b Y A 1 .1
w here P i s  th e  p ro d u c t o f  an  odd number o f  ß m a tr ic e s ,  E xcep t f o r  th e  ca se  o f  
exam ple ( i )  th e  fo rm u la  i s  i n s u f f i c i e n t  by i t s e l f  f o r  d e te rm in in g  th e  t r a c e  o f  n 
ß m a tr ic e s  from  th e  t r a c e  o f  n-2* However by c a r e f u l  exam ination  o f  th e  syrram «tries 
o f  th e  p ro d u c t,  and n o te  o f  such  f e a tu r e s  a s  t h a t  T r ß ^  P does n o t in c lu d e  a 
te rm  i n  6 , t r a c e s  can  b e ,  w ith  ev e r in c re a s in g  l a b o u r ,  d e te rm in ed  by A l . l  from  th e
JiiV
s t a r t i n g  p o in t
T r ß 6 6 A I. 2
JJLV (IV
We g iv e  two exam ples o f  t h i s  m ethod. The w r i t e r  has found i t  p o s s ib le  to  d e te rm in e  
th e  t r a c e  o f  up to  8 ß m a tr ic e s  by t h i s  m ethod, b u t  th e  la b o u r  i s  enormous, We do 
p r e s e n t  i n  ( i i )  th e  t r a c e  o f  8 ß m a tr ic e s  i n  th e  s p e c ia l  case  w here by th e  c o n t r a c t ­
io n  6 ß = M th e r e  a re  o n ly  6 f r e e  in d ic e s ,  p.v r p.v J
( i )  T r ß ^ * Take P = ß^, th e n  by A l . l  and A 1.2
Tr ß + T r ßf p,vpa pvp,a 6 Tr ß + 6  T r ßp.v p a pv r p,v A 1.3
6(6  6 + 5 6 )v uv pa pv p,v' A 1.4
W hile i n  g e n e ra l th e  r e l a t i o n s h ip  betw een T r ß P and Tr ß P ,  w here P i s  ap,vp r pvp,
p ro d u c t o f  ß m a tr ic e s ,  i s  c o m p lic a te d , i n  t h i s  c a se
T r ß 41 = T r ß = T r ßpvp,a ap vp  *p.vpa A 1.5
T r ßp.vpo 3(6 6 + 6 6 ) p.v pa p-a p v 'Thence A1.6
99.
( i i )  Tr M ß[)VpcraB : Owing to  th e  d e f in i t io n
M = ß ß
FP P > A1.7
ifc is  q u a n tity  i s  in  f a c t  th e  p roduct o f 8 p m a tr ic e s . The d e te rm in a tio n  
ne.s t l y  a f t e r  ap p ly ing  th e  symmetry c o n s id e ra tio n
proceeds
M ßpv = V  M » 
when s e t
A1.6
Tr Mßpvßp A ß  = x K  + y L  + Z H + q H  , A1.7
where K = 8 8 8p-v p a  aß A1.8
6P-v S pß Scra + S pa °p,ß Sv a  * *aß ^vp A im  9
M = 8 8 8p.v a  a  pß A1.10
N = 8 8 8nvp a a  ßp, .
By A1.7 and A l . l ,
A l . l l
Tr M ß _ + Tr M B -   ^ Tr fip v p o a ß  Pvpcaßp, " 3 i r  Pp.vpcmß .
wnere th e  L .H .3 . -  th e  t r a c e  o f  6 ß m a tric e s  -  i s  taken  as known :
A1.12
Tr ‘V v p o a ß  = K + 2L -  2k + N s A1.13
as a lso  Tr M ßQß = 15 &aß  ? T r ß g ß  = 6 6(xß .
Then t r i v i a l l y  from h i . 7 ,
A1.14
T r M ßv p c a ß p  = i K  + y L  + a M + x N A1.13
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so th a t  x + q = 5> y = 5 j 2 = - 5  ♦ A1.16
S in ce  = 52vi -  6 (10  x 10 ) A1.17
it 19 M -  30 A1.18
So Tr M3ßa6 = I r  ( 19M -  30)ß aß A1.19
But by A1.7
3 .5 .7  6 aß . [by A1.14] A1.20
T rM \ p  = 
thence  x = 3 ,
(4 3x + 3 .4  y + z + q)5a „ ,




APPLICATION OP COMPLETE REPRESENTATION
This method of computing the trace of 10 x 10 ß matrices we find in Peaslee 
(1949)* The method is most straightforward in principle as it utilises the IQ x 16 
reducible representation of the ß algebra
ß ° = ~  (y I* + y *1) , A2.1r\L 2 ' 1JL '[L ' J
which is decomposible into the direct sum (+) of the irreducible 10 x 10, 5 x 5>
and trivial (lxl) representations
ß, p + ß 0 + 0H V- A2.2
Because of lack of interference the trace sought may be found from 2,1 using the 
formula
Trß° ... ß° = 5  ... 5 „ + 8 ... 5„ „ A2.3
^1 ^n ^l,u2 ^n-l^n ^n^l ^n-2 n-1 *
vand the well known explicit formula for the trace of y products.
We illustrate the method by reference to the calculation of
Tr ßjjlVpCT T r ß ° ß C ß C ß C - T r ß 0 ß ° ß ° ß °  r p. r p  * 0  r p  ‘ a A2.4
This determination of these traces needs all of the following traces!
Tr I = A2.5
Tr y Y = V  ‘v k  8p.V j A2.6
Y Y Y Y - 1 |I1 v 1 p 1 c 4 (6 6 - 6  6 + 6  6 )x pv pa p,p va \ i c  vp7 > A2.7
ß0ß°ß0ß° = • p/v! pHa 6 6 ;+ 6 6 , p-v pa vp ap. 5 A2.8
plus the information that the trace of an odd number of y matrices is zero.
Then Tr ^ \ \ \ °  = if Tr T^vpa Tr 1 + if
&9- Q
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= 4  (8 8 + 6  8 )v |iv pa jia vp ' *
Hence T r ß  = 3 ( ^ , 8  + 8  8 )‘ jivpa v pv pa p-a vp' *
A2.10
A 2 .l l
I n  conclusion  we may say th a t  th e  method has th e  th e o r e t ic a l  a t t r a c t i o n  o f  u t i l i s -  




EXAMPLE OP IMPROVED TRACE CALCULATION
We have mentioned in the text above that there is a tremendous saving^ in 
the labour involved in calculating the sort of traces that occur in practical 





V i  V 2
A
... H Li, Vrn n (-)n 6v . 6v , —  6v n .V 2 2*3 n*l * V A3.1




(M-2) (ßpßH - 5^) ,
ß ß (summed) ,
A3.2 
A3.3
in terms of the 10 x 10 ß matrices. We substantiate this claim with regard to 
the calculation of the finite contribution to the imaginary part of the vacuum 
polarization in the conventional non-renormalizable theory of spin one mesons 
of magnetic moment K. Such a particle has the field equation in 10 x 10 ß 
formalism
= 0 9 A3.4
, A3.5
2 ,
“it Gr - m 0 + ieK 0 P = 0 * A3.6H |iv rj rp  pv 5
where G- = n 0 - n $ , A3.7
JJ.V JJ, “ v V r \ l
ieK
9 - ieA
equivalent to the vectorial form
104.
Expanding th e  gauge in v a r ia n t  p a r t  o f  th e  photon p ropaga to r as
^ ( q )  = - i  “ a"2 + n(q.2) ) /(q .2 -  i* )  f A3.8
Then "to  low est o rd e r p e r tu rb a t io n  theory"
Im Xl(q2) = — — - ( iL ijS L   ^ T r(q 2)© ( - q 2-4m2) A3.9
48nq2 q‘-  > 5
in  which the trace
I r (q 2) = Tr [N(p")V  ( p 'p “)N (p ’ )V (p ’p " ) ]  ,  A3.10
r  4
—1 2 2where N(p) = ißp -  m + m (ßp -  p )   ^ A3.11
and V ^ p V )  = (M-2) (ßp  ^ -  ß ^ ) !  (p 1 -  p » )p ,  *3 .12
must be evaluated on th e mass sh e ll
p '2 = p"2 = -m2 •, q = p* -  p" * A3.13
2
The e v a lu a tio n  o f  T r(q  ) u s in g  th e  ta b le s  o f  t r a c e s  o f  ß m a tric e s  i s  
o b v io u sly  most te d io u s ,  as f a i l i n g  th e  making o f  many a lg e b ra ic  r e d u c tio n s , th e  
t r a c e  o f  th e  p roduct o f  up to  fOß-mat r i c e s  must be determ ined .
We n o te  f i r s t  t h a t  t h a t  on expansion
vtpV)r -  ß -  i  -  [H p* + H p" ] + i  -  [H p" + H  p ' ] p, m L p p r  p j ic r  0 J m L ppr p j ic r  c A3.14
so th a t  as
Öb H P = 0PP 4P A3.15
ßp" (p V ) ß p '  = -  ßp” ß^  ßp' + i -  ßp” [ Hp|j,Pnp + A3.16
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The computational convenience we claim is sufficiently shown in the computation
2 2 2 2 of that part of Tr(q ) proportional to K , which we denote by Tr (q ).
' m m f e  (m-2) ßP (M-2) = o } A3.17
Tr2(q2) - m " \ 2 Tr [ßp"2 (H pn + H p* ) ßp 
K W  * p W  * p' ™
,2 (H p* + x c\l ^ a H pM )] A3.1Ö p.c o J *
Equating terms symmetric in p1, p”
Tr2(q2) = - 2m"V Tr [fip»2Hp(lp"pfr,SB p(1P ,0 +
On making the substitutions
(M-2)ßp*2 = (M-2) [Ha ß p ’aß + p>2] ,
(M—2) ßp"2 = (M-2) [Haßp"aß + p''2] ,




ßP2 = (ßp)* * Paß = PaPß A3.21
2 2 ATr (q ) is expressed as the sum of 8 traces of products of H matrices immediately
evaluated by A3.1 as
Tr^(q^) = - 2m ^  [p,pHp,p,,p,pM + pM^p,p,,p,pM
- p”  ^(p,2p,pM) “ p”  ^(4p,p,,p,pM)
- P*2 (p”2ptPM) - P*2 (P”2P”2)
+ p,2p”2 (p,pM) + p ,2p”2 (4p*^ )] A3.22
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- 2afV  [ ( p V ) 3 -  3P"2 (p 'p " )2 -  P' 2 (p ’p") + 3P ' V 2] •
I p  p
As on th e  mass s h e l l  p ’p ” = -  ^  (q  + 2m' )
2 6
Tr2(q.2) = ^  -  4ü2q.2 .
L ikew ise one can determ ine
T r ^ q 2) = 4  T r(-ß ^ )iß p H (ihm“ 1) (H ^p"p + H^p* J  (nf^ßp*2)
4Km-2  Tr(M-2) [ H^P "a+ P H H ^ ^ P "p+H^^P1 a ][X^gP *y8+  ^* 
*^2
4Km 2 [ - 4 p , p np , p ,,- p , pHp , p ,,+p,2 (4pH% p'pn)
+pu^ (p , p ,,p , p+p,2 p , p) -  p 'V ^ C p ’+p ")^]
4hm 2(-"3p , PmP , Ph + 3p,2p ”2)
=z£ - W
m2 ’
w h ile  injsam e sim ple manner one computes
T r°(q2) = Tr ißp"ß ißp*ß + m~2 Trßp”2ß ßp,2 ß
r r r r
= -  Trßp* ßpH+2m"2 Tr(M~2) ßp,,2ß ß p ^ p ^p, ji
n 2[ -4p  ’p"p1 p"+pM2 (4p *p
- p 12p “ 2-  2p " 2p * 2+p ” 2p *2 (4) ]
~6p, p ,,+2m" , ,, , ,, ,, , H)+2p* ( p , p ,,p H ^
j i p
-4mT2(p , p " )2 -  l4 p 'p M + 2m£ 
4 2 _  2— — q + 12m
A3.23 




A 3.28  








Adding A 3.25, A3.30, A3.35 we f in d
t,2 6 4
Tr (q2) -  (1 + 3K)-% -  ( l  + 12K + 4K2) q2 + 12m
4m
A3.36
We note again th at
Im n(qt')
4871
, 2 , 2  n1/ 2
( 7  + ^  )
( 2 )
T r(q 2)e  ( - q k-4m2) , A3.37
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V APPENDIX 4
TABLE OP TRACES OF 10 x 10 ß MTRICES
Tr (lvi-2) = 4  >
Tr (k -2 )ß 3 6p,v J
Tr (14-2) ß = 2 8 8 + 641 8'  / f p,vpa p,v pa vp ap,
I r  (k-2) ß|J>VpaGlß 8p,v8pa8aß + v8p,v8pß8aa + 8pa8p,ß8va + 8aß Jvp8p.a  ^ 8p.a8va8pß r




Tr (3~k)ß = 8 8 + 2 8 8/ r p,vpa p.v pa vp cp. •
Tr (>M )ß p,vpaaß 8 8 $0 + (8 8 a8 + 8 8 q8 + 8 d8 8 )vp a a ßp, v p,v pß aa pa p,ß va aß vp p-a 8 8 8 Q[ia va pß *
-  8p,v *
Tr H fi p.v pa
/V A A
Tr H H H Qp-v pa aß
A A A A
Tr H H H QH .  p-v pa aß y8
8 8vp av
-  8 8 8 q vp a a ßp, *
6 8 8~ 8j. tvp aa ßy 6 p.




+ 514632658676+518 6 36 65^572+Sl 4 636 658S72+516 6 38832874 
“ 612636658674"'e'l6 634638672’‘5l 4 538656672” 6l 4 536852678 
616532658674"6186 36 5 52574“’81653 8 S ^ 572“6145 3865 2 676 t
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Where 6 = 6
rS
Tr  H = -  6 .
p,V [XV
Tr  H H = 6 6  pv pa wp p.a
I-------1
T r H H H D = - 6  6 6 Q ,p.v pa aß pa va pß
I ------ 1 I
Tr  H H ' H 0H R = 6 6 6 Q6 R tpv pa aß YO pc vy pp a6 •*
I______I
Note
H = (K -2 )(ß  -  6 )ptv v v |1V pAT
H = (k—2) ( ß -  6 )jiv v /V 'vp  vp/
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V APPENDIX 5
A PARTICULAR SET OP 10 x 10 ß
. . 1 ..................
. . .  ................ 1
1 •
3 . . 




CRITIQUE OF LEE AM) YANG THEORY OF CHARGED SPIN ONE
1 . On th e  G raph E lem en ts  o f  LY T heory .
T h is  S e c t io n  s e rv e s  to  g iv e  a p re l im in a ry  accoun t o f  th e  ^ -L im itin g  th e o ry  
o f  ch a rg e d  s p in  one [_Lee and  Yang (196 2) j .  We sk e tc h  th e  d e r iv a t io n  o f  th e  Lee 
and Yang (LY) g raph  e lem en ts  end make some i n t e r p r e t a t i v e  c r i t i c i s m .
I n  a t te rn p tin g  to  d e v is e  a g raph  th e o ry  o f  charged  s p in  o n e , on a s s ig n in g  to  
s p in  one l i n e s  th e  v a lu e
Saß(D - i
hfs + PoPa/ “ 1
2 2 p + m 3
VI 1 .1
i t  i s  r e a d i l y  found t h a t  f o r  no non zero  o f  o rd e r  p can a c c e p ta b le  low er
o rd e r  r a d i a t i v e  c o r r e c t io n s  be  d e te rm in ed . F o r exam ple, s e e  V A ppendix 3 where an 
u n a c c e p ta b le  v a lu e  fo r  th e  im ag in ary  p a r t  o f  vacuum p o la r i z a t i o n  was c a lc u la te d .
The c a l c u l a t i o n  o f  VA 3 was perform ed  i n  10 x 10 ß fo rm alism  b u t i s  e q u iv a le n t  to  
u s in g  o f  1 .1  and th e  3 v e r te x
V 1*"’8 ’ p ’ a) = i e  [ 6aß ( p ’+p") -  h | N Kpß+pß+Kpß> "  V (_ 
le a d in g  to
I m n ( q 2 *) = — ( Tr ( q2) ©( -  q2 -  4m2) 5 VI. 3a
48ir q4 *"  ^ q '
w here
2 6 4
T r ( q 2) = -  (1  + 3K) -3- -  (1  + 12K + bK2) q2 + 12m2 V I. 3b
bn m2
2 9I f  t h i s  e x p re s s io n  f o r  Im  n ( q “) was s u b s t i t u t e d  in  th e  u s u a l  DR f o r  n ( q  ) th e
i n t e g r a l  w ould d iv e rg e .
I t  i s  r a t h e r  o b v io u s t h a t  th e  f a i l u r e  '3 o f  th e  s p in  one g rap h
th e o r i e s  b a se d  on S1 (p) i s  due to  th e  nu m era to r te rm  i n  p /m 2. L ee and Yangaß aß' ^
112
apparently recognised this and sought to make a rather minimal innovation to produce
a finite theory. On the basis of the esqpectation that S^(p) is the correct value 
for spin one lines, but leads to ultra-violet divergences, they took instead the 
charged line value
= 4 ( 3 ? ) +  s‘;R(p) >
where ^0 / \ . V P  /mba ß ^  “ 3' 2 ,r2 1.5p" + M - ie
and M
For small p , as g
--1 2 2 B, m -22 m 1.6
S1.X
For large p ,
gL.TFaß - i &aß /(P2 + m2 - ie)
1.7
1.8
aL. YThe charged line value ST’ and the value of other corresponding graph elements is 
immediately deducible by Dyson-Ylck procedures from the Lagrangian density
lv = - £,(% Ü )Ä (tt ßf ) - i (a A )2 - ^  G* G - m2Ä  - ieKF tfV 1.9g P  (J/  ^ V v' 2 ' [X V' 2 [IV (IV JJ, JW |F V S
where ff = 7"1 * * 1
& -1 f-G = h G * hpv pV [
1.10
1.11
A field described by such a Lagrangian has four degrees of freedome and corres- 
P
ponds to, at least for e = 0, a system containing spin one particles of mass m 
and vector spin zero of mass 3k. The metric Q is chosen (in the interaction rep­
resentation) so that for any state -ty
= (-) 0 + 5 1.12
1-3 -
w here i s  th e  number o f  s p in  zero  p a r t i c l e s  i n  th e  s t a t e  \J;.
I t  i s  n o t a t  a l l  s u r p r i s in g  th a t  H i l b e r t 's  sp ace  has to  be endowed w ith  a 
n e g a t iv e  m e tr ic  i n  t h i s  th e o ry  : c f  o ld - fa s h io n e d  r e g u la to r  th e o ry  L V illa rs
( I 9 6 0 ) ] .
We have an  im p o rta n t i n t e r p r e t a t i v e  c r i t i c i s m  to  make o f  LY th e o ry .  The
tW*
f i e l d  e q u a tio n s  d e d u c ib le  fro m jL ag ran g ian  d e n s i ty  Ltf o f  1 .9  a re
£ 7i n 0  + it G -  wT0 + i e  K 0  F = 0 * v p p p. jjlv Av r\i pv 7
w h ere in i t  0  -  tu 0p  v V u
1 .1 3
1 .1 4
O o n tra c tin g  w ith  7t u s in g  th e  r e l a t i o n  n u -  n n = - i e  P g iv e s0 v p v v p pv
gn2n 0  -  m2n 0 = — - (K -  1)P G- .
p  p V v 2 ' 7 pv pv 1 .15








setfcioj m 2CT -  E Ti % 0  c 1 .17
and f i x K = + 1 , 1 .18
Then n n qP  -  i P P  = 0 «,p V V 1 .19
D efin in g Gp = ti 0T  -  n .pv p V V p 5 1.20
vöe see  t h a t  G- ( =
r/v
G-1 + E, m” 2 ( - i e  F )it 0  .pv v pv7 pr p * 1.21
wthence u G- =
[i pv
S u b s t i t u t in g  1 .21  i n  1 .13
7t G-1 -  i e  P Gf°p pv pv ^p
f o r  K = +1 g iv e s
1 .22
n G-1 «p pv + i e  P /  s  0 '^v pv Ap 1 . 23a
Now 1 .1 9  i s  f i e l d  e q u a tio n  f o r  v e c to r  s p in  zero  o f  mass M. As e q u a tio n
i i4
1 .2 3 a  im p lie s
1 .23b
th e  i d e n t i f i c a t i o n  o f  t h i s  e q u a tio n  a s  b e in g  a p p ro p r ia te  f o r  v e c to r  s p in  one seems
re a s o n a b le .  [The f r e e  f i e l d  eq u a tio n s  a r e  to  b e  found in  I  S e c tio n  2 ] .  Thus
Äa s s u re d ly  th e  f i e l d  e q u a tio n  I . I 3  fo r  K = +1 d e s c r ib e s  a d eco u p led  system  w here in  
th e r e  i s  no d i r e c t  i n t e r a c t io n  o f  th e  form
(s p in  one) — ► (photon) + ( s p in  aero ) 1 .2 4
A As a fo o tn o te  v/e comment th a t  th e  above c a lc u la t io n  i s  t r i v i a l l y  e x te n d a b le  
to  e s t a b l i s h  th a t  th e  f i e l d  0^  s a t i s f y i n g
n 0 -  m~0 + 2 ie  0 F = -  j  «. (a)
v  r \L. JJ.V v  3  v *
i s  th e  charged  analogue o f  th e  n e u t r a l  f i e l d  0^  o f  P o lu b a r in o v  and O gievsky 
[jiLTP (1962) j .  F o r p ro v id ed  th e  e x te r n a l  c u r re n t  i s  conserved
=  Ü  ) ( p )
one can s e t 11 0  -  qP =  0 -  m ~ 2  7C u 0 ' v  ' v  r v v p p * (y)
to  d e te rm in e 71 0^  -yT v - + 2 ie  0^ F =  *p ,v  v > (6)
and % n C 
jJL V r •r
b I
Ä
II O * ( e )
Our assignm ent o f  l a b e l s  seems a p p ro p r ia te  as n 0 = 0 ,  and i s  ch arg ed|-l p v
s p in  zero v e c to r  f i e l d .
Y et we f in d  t h a t  th e  LY g raph  e lem en ts  a re  such  th a t  f o r  any K,
s „ ß(p " )  y P "P , p ’y) s° 5 (p ’ ) t  0 1 .2 5
a s  i s  shown i n  o u r l a t e r  c a lc u la t io n s  o f  th e  q u a n t i ty  T r w hich would be ze ro  f o r
3
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some K, w ere 1 .2 4  f a l s e .  The e q u a tio n s  1 .2 3  a^-d 1 .2 4  a r e  in c o m p a tib le  w ith  th e
1 0i n t e r p r e t a t i o n  t h a t  S and S p ro p a g a te  sp in  one and ( th e  u n p h y s ic a l)  s p in  zero
1 LYr e s p e c t iv e l y .  (Lee and Yang c a l l  S th e  “sp in -o n e  part'*  o f  S ) .  A lthough  i t  may 
be  a rg u ed  th a t  th e  u n p h y s ic a l i n d e f i n i t e  m e tr ic  has le a d  to  th e  anom aly, we m a in ta in  
t h i s  o b je c t io n  in  view  o f  o u r a n a ly s i s  o f  v e c to r  s p in  zero  o f  IV S e c t io n s  3 > 4 3 
w h ere in  we d e te rm in e d  th e  v a lu e  o f  charged  s p in  ze ro  l i n e s  as
w >  ■  ‘  ¥ 4
1 .2 6
p + M -  i e
Now th e  m u l t i p l i c a t i o n  o f  G- by a f a c t o r  such  a s  would o n ly  t r i v i a l l y  a f f e c t  th e
fat
g rap h  th e o ry  (C o rre sp o n d in g ly ^ 3 -V e rte x  w ould b e  m u l t ip l ie d  by g e t c . ) .  D e s p i te  
t h i s  freedom c, th e  d i f f e r e n t  n u m era to rs  make G- and  S° t o t a l l y  d i s t i n c t ,  and we must 
r e j e c t  th e  LY i n t e r p r e t a t i o n  o f  S ^ , and S^.
I n  th e  c a lc u la t io n s  v/e a r e  to  p e rfo rm  in  LY th e o ry  we f in d  i t  v e ry  co n v en ien t 
to  work w ith  rn a 'trices r a t h e r  th a n  w ith  te n s o r s .  For t h i s  pu rp o se  we u t i l i s e  th e  
c a lc u la t io n s  o f  V S e c t io n  3 , where we showed t h a t  th e  1G x 10 Duffinr-Kemmer m a tr ic e s
ß o f  V A ppendix  5 have p ro d u c ts  ß w hich a re  o f  th e  form  o f  th e  d i r e c t  sum o f  a 
j-L 11V
6 x 6  m a tr ix  and  a 4  x  4  m a tr ix .  The 4 x 4  m a tr ix  we c a l l  {5 l  i . e .  ?
(M -  2) ß, °6x6 + ‘V 1 .2 7
The com ponents o f  ß a r e  by V 3 .11
JJ»V
^1 >v^aß 6 6 0 -  6 0 6 pv aß nß vc 1 .2 8
We a ls o  in t ro d u c e  th e  m a tr ix  H su ch  th a t
|1V
t V ] aß -  6 .  6p,ß va 1 .2 9
The s p e c ia l  v i r t u e  o f  t h i s  u n u su a l p ro c e d u re  i s  t h a t  when we c a lc u la te  th e  t r a c e s  
(T ra °) w hich o ccu r i n  th e  c a l c u la t io n  o f  vacuum p o l a r i z a t i o n  we s h a l l  be  e v a lu a tin g
116
t r a c e s  l i k e
T r ß ß H c = T r (M-2) ß ß H r jiv r po y o  ‘ pa y o
= T r (> M )ß  ß H .  pw  7 v f pa yo (i >
w here th e  second o r  t h i r d  form  i s  u s u a l ly  e a s ie r  to  c a l c u la te  th a n  th e  i n i t i a l  
t r a c e .  I n  any case  we have a lre a d y  ta b le d  in  V A ppendix 4- a l l  th e  t r a c e s  we s h a l l  
need  (an d  o th e r s ) .
I n  m a tr ix  n o ta t io n  th e  f i e l d  e q u a tio n  f o r  LY f i e l d ,  i . e .  a l t e r n a t e  form  o f  
1. 13, i s
- £ H  tc it ßf + ß n ; 7 r C f ~ i i i 2 $ - i e K ß  Gf F = 0 1 .2 9^ p,v v ji r  jj, v r  r  r p,v r  p.v *
W ithout f u r th e r  ado we now w r i te  down th e  g rap h  e lem en ts  o f  th e  LY th e o ry .
1 .2 8 a
1 .28b
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TABLE VI T 1
LY G-raph Elem ents in  Momentum Space
E l ement
I n te r n a l  photon l i n e
Graph
-  -  —♦  -  -
h G v
Value 
DFpv ^  ^
I n te r n a l  meson l i n e
P
s^Cp) = Sp(P) + s°(p)
3-V ertex




e V (p V )r
4 -V ertex
quv \  /  gV
p" p*
^ . JV( p , P M G* Gu)
% v (q) =
Sp(p)
Sp(p) =
V , ( p V )  =
- i  6 / ( q  -  i e )jiv ' '
•a 2 ( 2 2\, ßP -  IP +m )- .
2r 2 2 . n 5m [p  +m - r e j
(Fermi gauge)
.1  , , . V ^ ß  / ]
W p) = -  1 2 ------2 .r p + m -  i e
-  i
- 2  2 ßP -  P
m^[p%M^~ie j
S °ap(p) = 2 \K2p + M -  i e
i ( l +K )[ß [xßp« + ßpMßtlj] -  i(K +C )[ß |,ßp"+ßp, ß1, ]  + ^ ( P ' + P ’O^
V^(pMß>p'®) j = i  ^ (p '+ P " )^  -  S^C-Kp^+p^Kp^Sp'O^ “ &ß^(~Kp, +p"+Kp“-£ p , ) 0
Ü^Cp-'p-d-'q*) = i ( ^ v + \ )  + + " V  “ 2V ]
Ü (p"ßp 'aq"vq 'n ) = i [ 2  8 ^  6aß -  ( 1 - S ) 6 ^  6ßv -  ( l - g ) 6 av 8 ^  ]
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Auxiliary Net at ion 2 M0 = M
IL = m
£•“1 t, m
— A* C 3The graphs are evaluated by the integration (2k) 1 d^kclk^ over each independent
internal momentum k.
A complete diagram, as distinct from a diagram part acquires a factor 
(2k) r 8(P^ - P^) where P^ - P^ expresses momentum conservation.
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the
2, 1 Ue.C a lc u la t io n  of^Vacuum P o l a r i z a t io n
The p h o to n  p ro p a g a to r  as  c a lc u la te d  by g rap h  m ethods i s
h v (q) = -  1 (5tw -  .
2
We suppose t h a t  n ( q  ) s a t i s f i e s  th e  d is p e r s io n  r e l a t i o n
2.1
n ( q 2)
2
.tsl
it I im n( p.2) dp,2________2 2 2 ~q + p, -  i e 2 .2
We d is c u s s  th e  v a l i d i t y  o f  t h i s  DR i n  S e c t io n  3« I n  te rm s o f  th e  Lehm an-K allen
s p e c t r a l  w eight p^ u sed  in  p re v io u s  c h a p te r s ,
Im n (q 2) = 7r q2 (-q^) 2 .3
I t  i s  most e x p e d i t io u s ,  p a r t i c u l a r l y  in  view  o f  th e  c o n s id e ra t io n s  o u t l in e d  in  
S e c t io n  3* to  a c tu a l ly  c a l c u la te
2n*(0) = L im [q
which i s  g iv e n  by th e  DR as
n ’ (o) s 00
0 ]n (q 2) / q 2





dh2 P3 (p 2)
2 .6
We can now -w rite in  te rm s o f  th e  g rap h  e lem en ts  g iv e n  in  t a b le  VI T 1
n (q 2) I
ab
n ab (q 2)
11 „01 „10 00 n + n + n + n
where th e  g ra p h ic a l  e x p re s s io n  f o r  -1 (6  - ^ ^  / q 2)lT D(q 2) / q 2 i s
2 .7
s p in  b ,  p uo-
s p in  a ,  p*
X Ue Vi ^ ,
\f!K naD(q2)
i\ ^ 0^ ° * 's




Henceforth, v/e refer to the mass of the particle of spin a (0 or l) by M where
M + a(m - M) 2.9
The specification by Lee end Yang of a negative metric in Hilbert space has lead to
the denominators of both S&(p) being (pc + - ie)*, we can therefore at once apply£t
Cutkosky’s analysis [Gutkosky (i960)j to determine the jump discontinuity across the 
branch cuts of each IlaD(q^), which start at the Landau branch points at q = -(M +11^ )




s . 2 r
J --— 2 J (p ,2+M^)6 (p,,2+M^) “ ~r‘
L (271)“ J y ^ m 2.10
[Note that our requirement that D have form of equation 2.1 is not an arbitary 
procedure to "force11 gauge invarian.ee: see VI Appendix l].
The two particle unitary phase integral has been evaluated in II Appendix 1, 
We write
p»fa ft. »fa ~ 9 . 2. 9- 2.11T TTa b elull = ----
487cm q
VT f a b  Tr&t' ö k q 2 - ( \ + m 5 2]
ff<2
fab(<J) = d
2(li + l^) (Ix2-^)2 ) 2.12
The reader will note that a(-) has been artificially introduced into the definition 
abof the Tr'* which are as follows!
m 11 - 8„ Tr [ißp'2V (p'p-^ißp"2? (p"p *)]
Trlü = - 6.|VTr [i'fe>2V)i(p*p»)(-i)[lp»2-p»2]^(p»p')]




Trüt = - 6|ivTr [(-i)[ßp'2-p,2]Ü.(p'p") (-i)[ßp"2-p"2]?v(p"p') ] , 2.13d: , ' v
and which by virtue of the 6 functions, are to be evaluated on the mass shell
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specified by
q. p* - p “j ,2 % 2.14
Then?aSjfor instance
P'p"
1 / 2 . 2 , 2^-- (q + Ma + 1^ ) 2.15
1*he Tra° = Tr^0 (q^) are functions of qr\ We name the quantity in curly brackets
P i hin 2.16 M e
Trace M ab 2.16
11 11Tr" is very readily calculated by treating M as the product of the usual p
P
matrices, when algebraic reduction simplifies 1?'^  markedly. (See Appendix 2, cal­
culation of IV). The 4 x 4  matrix comprises sums of products of H matrices, 
so that Tr “^  can be easily found (Appendix 2, calc, of I). is more complex, and
so the determination of Tr “^  requires the calculation of the trace of several 
matrices like and but on different mass shells. We have therefore found it 
expeditious to define and calculate in Appendix 2 the 6 traces I, II . , 11^, III, IV, V 
of which as
11A (V V =
I + II. + Z L  + III = IV A B
2.17a
2.17b
I + II 2.17c
only 5 are in fact independent. As a consistency check, in Appendix 2, the 4 traces*,
I, II , III, IV are explicitly calculated from their defining formulas using the
jt1
tables of traces of 10 x 10 ß matrices of the preceding Chapter. All 6 traces are
then tabled in VI T A 2, and on making the trivial substitutions 
m 11 IV (M& = \  = m) ^
~ V ( M a = m, ^ M)
2.18a
2.18b
00 I (M VL M)a *b 3
the three sought traces are found and written down in full in Appendix 3«
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Sit)A few comments on the form of the Tr ' is in order here. In the notation of 
V  A 3.37,
Tr11 (q2) = in’ Tr (q2) , 2.19
11 M i.e.^Tr is exactly the expression given in the usual ihrenormalisableM theory of
charged particles of spin one mass m, anomalous moment K. The dispersion integral
for n11 (q^) di.verges very badly, and we see that only by subtracting from Im II ^
an expression of like asymptotic behaviour can a finite theory be developed.
For K  = 0, T r “^  likewise has the usual value : the contribution to vacuum
polarization being exactly that ascribable to charged spin zero particles of mass M.
00 2 11 2 
TL /  0, I m  IT (q ) has the same asymptotic behaviour as Im II (q ).
01 221m II (q ) t s the contribution to vacuum polarization due to pairs of part­
icles of spin one and spin zero. It is negative as such a state includes one spin 
zero particle.
The first question to be asked at this stage is whether in fact the dispersion 
2integrals for n (q ) converge. This is ascertained by calculating in Appendix IV 
the asymptotic value of
fii Trl1 + 2foi Tp01 + foo Tr°°
the asymptotic value of f ^ being given by 2.12 as 
f
,.2 .-2 0 ,,2 ,.2 , - 2  - 2 s 3
, K + h. 2 “a \  <Ma + V
ab ^  1 + ----2--- ---------- ---  + ~ ~ 6
2.20
2.21
Thence the asymptotic value ( - q — >■ oo)
Im II (q ) - e
487tm q^
-2s -1
4871 [ 3 -5-12K-3*n
n»(0) = Lim [X — >• 0]
2.22
2.23
Thus the dispersion integrals do converge. We can now use 2.5 to evaluate
2
[iu^ (\) + 2 7T01(\) + TT °°(X)] * 2.24, o 2 2<4-871 m
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where
J Q 2  24071 m
ab /  . \ n (X) j
,. 2. «-1 Ivi X
dx T -ab  f  . —r  Im n (-x ) 2.25
M^ X*-1
-  e
J Q 2 24071 m




-  abTo eva lu ate  tc we need th e  elem entary in te g r a ls
X
11 /2(A) ’’Equal M ass” f
J i .  ^
^  [ x 2 -  4 x]' 2 .27
w ith  upper bound X = X- ^ ,
(B) “Unequal M ass” ]
-1
[ x 2 -  2 (1  + g ) x  + (1 -  g ) 2] l / 2
X 3
2 .28
w ith  lo w er bound Y ( i  ♦ s 1 /2 ) 2
-  abT hese i n t e g r a l s  a r e  to  be found in  A ppendix 5 * th e  it ' th e n  b e in g  d e te rm in ed  in  
A ppendix 6 u s in g  th e  T r o f  A ppendix 3. We f in d  t h a t
h
4* l i (4) = X” ä f V 1 + (1  + %  -  ~  ) lo g  \ -1  + (1  + 3H -  ^  ) l c g  5_1 -  —  -8K -  7K2
6 5
^  2.29
2Ü ( \ )  = -  y  f - ) l o g  4_1 - ^ K 2? -1  + 4  + 1 | K _ | | k 2 2 .30
-  0 0 , ,  N K2 . , - 1 ,- 1  , j  „ 2 . - 1  „V, , - l  j  „ 2 . - 1  8
71 (M = 4 “ £ + ( -  2 K + K) lo g  ^ + "2 ^  £ -  "t 2.31
Thence fo r  sm all g th e  Lee and Yang th e o ry  p r e d ic t s
n*(o) = e2 ( j  „ 2 - 1  _ k ' \ - 1  16+ (1 + 3K -  -5-) lo g  g -  TH
487t m
2 2 ( 4
16 K -  J Z  K2 )
3 12 L ) . 2 .32
1 2 4 .
3. D is c u s s io n  o f  C a lc u la t io n  o f  Vacuum P o la r i z a t i o n
I n  th e  p re v io u s  s e c t io n  we u sed  th e  DR
2 /  2 >
n ( q 2) I00 dtx* p3 ^2 2p + p, -  i e 3.1
to  c a l c u la te
H '(o ) i00 an2 p?(ti2) 3 .2
We r e f e r  th e  r e a d e r  to  th e  p a p e r  o f  Lehman (1454) w here DR a re  d e r iv e d  from  th e  
" b a s ic  p r i n c i p l e s ” o f  f i e l d  th e o ry  [n o te ^ r e  o u r rem arks i n  C hap ter I I ^ t h a t  th e  
pho ton  f i e l d  i s  uncharged] „ th e  d e r iv a t io n  b e in g  indep en d en t o f  m e t r ic /  b u t i n  case  
H i lb e r t  sp ace  has p o s i t i v e  m e tr ic  /th e  s p e c t r a l  w e ig h ts  in v o lv e d  s a t i s f y  c e r t a in  
i n e q u a l i t i e s .  Thus in  Lee and Yang th e o ry  th e  DR 3 .1  i s  v a l id  b u t th e  theorem
3 *>  0 3.3
no lo n g e r  h o ld s  a s  th e  v a r io u s  c o n t r ib u t io n s  to  p^ a r e  no lo n g e r  p o s i t i v e  d e f i n i t e .
11
T h is  theorem  was f i r s t  p roved  by K a lle n  (1 9 3 2 )J who u t i l i s e d  th e  th e o ry  o f  th e  
e le c tro m a g n e tic  f i e l d  due to  G-uypta (1950) and B le u le r  (1 9 5 0 ). I n  th e  G -uypta-31euler 
th e o ry  th e  m e tr ic  o p e ra to r  has th e  p ro p e r ty
nt
(-) W 3. 4-
where i s  th e  number o f  t im e l ik e  pho tons in  th e  s t a t e  A llo w ab le  s t a t e s  a re  
l im i te d  by th e  c o n s tr a in t
3 A L = 0p, Y 3 .3
w hich en su re s  th a t  any n e g a tiv e  c o n t r ib u t io n  to  p^ ( - q  ) due to  a s t a t e  in c lu d in g
125 .
t im e l ik e  pho tons« ,is  e x a c tly  c a n c e lle d  by th e  c o n t r ib u t io n  o f  a s im i la r  s t a t e  w ith  
a lo n g i tu d in a l  photon*
tt
R e fe r r in g  to  e q u a tio n  3*2 we se e  t h a t  R a l le n ’ s th eo rem , p 0 ,  has th e
j  "
consequence th a t  n f (0) i s  p o s i t i v e  d e f i n i t e :
n*(o)> 0 . 3.6
,/e p ro p o se  t h i s  theorem  (Z*C) a s  a c r i t e r i o n  which must be  s a t i s f i e d  by any th e o ry  
o f  ch arged  p a r t i c l e s . Our theorem  has n o t y e t  been p ro v ed  i n  a manner t h a t
i s  t o t a l l y  to  our s a t i s f a c t i o n :  w ith in  th e  c o n te x t o f  quantum f i e l d  th e o ry  a s a t ­
i s f a c t o r y  p ro o f  would n o t depend on th e  v a g a r ie s  o f  th e  G -uypta-B leuler schem a. 
A nother ap p ro ach  to  a p ro o f  o f  3 .6  would come ffom  c o n s id e ra t io n s  o f  th e  macro 
p r o p e r t i e s  o f  th e  vacuum, f o r  v/hich th e  d i e l e c t r i c  c o n s ta n t i s  sim ply  g iv e n  toy
n (q 2) = 1 + n ( q 2) # 3*7
[ s e e  e .g ,  K a lle n  (1956) j* We s t ro n g ly  su sp e c t t h a t  a vacuum s t a t e  f o r  w hich 
IT (0 ) i s  n e g a t iv e  would be  u n s ta b le ;  i n  a m p li f ic a t io n  we rem ark t h a t  no energy  
need  be s u p p lie d  to  form  a p a i r  c o n p r is in g  one p o s i t i v e  energy  and one n e g a t iv e  
energy  p a r t i c l e .
I n  th e  o r ig i n a l  p ap er [L ee and Yang (1 9 6 2 )] Lee and Yang seem to  have s a t i s f i e d  
th em se lv es  o f  th e  p h y s ic a l  r e a so n a b le n e s s  o f  t h e i r  th e o ry  in  th e  l i m i t  g —>  0J 
we quo te  t h e i r  o n ly  s ta te m e n t i n  t h i s  c o n n e c tio n ; “ i f  th e  l i m i t  g — 0 e x i s t s ,  
th e  l i m i t in g  S m a tr ix  becomes co m p le te ly  u n i t a r y . “ L a te r  w i th in  th e  b ro ad e r 
rea lm  o f  weak in t e r a c t io n s  i t  was found  by B e r n s te in  and Lee (196 3) th a t  f o r  
K jL 0 ,  th e  Lee and Yang th e o ry ,  ta k e n  to g e th e r  w ith  L e e ’ s p r e s c r ip t i o n  o f  c a l c u la t ­
io n  m ethods [L ee (1963)] le a d s  to  a n e u tr in o  ch a rg e  r a d iu s  in d ep en d en t o f  th e  
e l e c t r i c  c h a rg e . R e s t r i c t i n g  c o n s id e ra t io n  to  p u re ly  e le c tro m a g n e tic  phenomena 
we have found th a t  a second o rd e r  c a l c u la t io n  g iv e s  a 11*(O) ^  0 .  E x p l i c i t l y  we
found
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n*(o) > o 2 24on m
( J  
( 4
v 2_~l / .  K \  , _ - l  16 v
+  ( 1  +  %  -  2  )  l o e  £  “  1*3 K - J 2 *12
2 ) 3.8
on n e g le c t  o f  te rm s o f  o rd e r  £ and h ig h e r  powers o f  g . The s a t i s f a c t i o n  o f  th e
c r i t e r i o n  3*8 i s  a f a v o u ra b le  a sp e c t o f  th e  Lee and Yang th e o ry .
B e fo re  p ro cee d in g  we m ust m ention th a t  a nom inal c a l c u la t io n  o f  II* (0) i n  Lee
and Yang th e o ry  has been  p erfo rm ed  by Beg [Beg (1964) j .  Beg cu t o f f  th e  d is p e r s io n
i n t e g r a l  3*1 a t  th r e s h o ld  where th e  m e tr ic  i n  H i lb e r t  sp ace  c ea se s  to  b e
2
p o s i t i v e  d e f i n i t e  f o r  meson s t a t e s  o f  zero  t o t a l  c h a rg e , t h a t  i s  a t  (m + M) , Thus 
Beg*s m ethod e n su re s  s a t i s f a c t i o n  o f  th e  c r i t e r i o n  H*(0) ^  0 ,  a j u s t i f i c a t i o n  n o t 
adduced by B eg, b u t we a r e  n o t aware o f  any o th e r  t h e o r e t i c a l  argum ents w hich 
j u s t i f y  h is  m ethod. S u re ly  th e  convergence o f  th e  d is p e r s io n  in t e g r a l  f o r  n ( q  ) 
i s  th e  v e ry  r a i s o n  d * e tre  o f  th e  Lee and Yang th e o ry ,  and Beg*s cu t o f f  p ro ced u re  
i s  q u i te  f o r e ig n  to  th e  th e o ry . Beg*s r e s u l t s  a r e  i n  ou r n o ta t io n
Im n ( -x )  3 ,8
x
dx _ „ 1 1 / \  ^ _
“*2 lm  n  (~ x) 3.9
x
+ l e s s  s in g u la r  te rm s K /  0 3 ,1 0 a
q*-
---------------- lo g  g + f i n i t e  te rm s K = 0 „ 3.10b
48it in
T h u s ) q u i te  f o r t u i t o u s l y ,  Be^s r e s u l t s  a g re e  w ith  o u rs  f o r  K = 0 ,  and d i f f e r ^  oy a 




, ou.2 2 44o7t m
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Now a s  to  th e  i n t e r p r e t a t i o n  we p la c e  on th e  c a lc u la te d  v a lu e  o f  vacuum p o la r ­
i z a t i o n  ! Y/e f e e l  th a t  t h i s  v a lu e  ^ th a t f o r  any K d iv e rg e s  a s  g —•>» 0 g iv e s  u s  
s u f f i c i e n t  ground f o r  r e j e c t i n g  t h i s  p u ta t iv e  th e o ry  o f  ch arg ed  sp in  one . Beg 
(1964) makes some sen se  o f  h i s  r e s u l t s  by in v o k in g  th e  p ro c e d u re s  o f  Lee (1962) 
and B e rn s te in  and L ee (196 3) » b u t th e s e  p ro c e d u re s  a re  f a r  to o  ad hoc to  be acc e p ta b le ^  
th e  B, l i m i t i n g  p ro c e d u re  i s  ad hoc enough, b u t wo would a c c e p t i t  as  merely»- an
e x te n s io n  o f  r e g u la r i z a t i o n  th e o ry  i f  i t  gave a f i n i t e  l i m i t J  th e  appending  to
of
t h i s  th e o ry  o f  Lee and Yang th e  d o c t r in a l  b e l i e f  t h a t  th e  c a lc u la t io n s  t h a t  one
’ a
h a s n 't  p e rfo rm ed  o f  h ig h e r  o rd e r  g raphs e l im in a te  th e  i n f i n i t i e s  i n  th e  c a l c u la t io n s  
o f  low er o rd e r  g raphs i s  u n re a so n a b le ,
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V I. APPENDIX 1
REMARKS ON GAUGE INVAHIANCE OP D----------------------------------------------------uv
T h is  A ppendix s e rv e s  as  a fo o tn o te  to  our c a l c u la t io n  o f  th e  d i s c o n t in u i ty  
o f  D ^ (e q u a t io n  2 .10 )*  The method u sed  la c k s  th e  e le g a n c e  o f  our tr e a tm e n t  
i n  e a r l i e r  C h ap te rs : in  th e  s c a la r  s p in  zero  case  we co u ld  w r i te  -  ig n o r in g  
f a c t o r s  -
I  L L 2 o. . 9 9. . . .
VI A l . ld i s c  K M  = /  ( p ,2 +m^)6 (p ’^ + m ^ C p ^ p “) (p ’ +p")iiV J  v 9 h
A 1.2
w here we a p p l ie d  I I  A 2. Thus th e  gauge in v a r ia n c e  o f  d is c  D(i , was e x p l i c i t l y  
d em o n stra ted  f o r  s p in  ze ro , and fo r  s p in  1 /2  case  l ik e w is e .  I n  Lee and Yang 
th e o ry  th e  in te g ra n d  i s  f a r  too  com plex f o r  t h i s  d i r e c t  app roach  to  be  co nven ien t, 
The G-.I. fo llo w s  d i r e c t l y  from th e  o b s e rv a tio n  th a t
(p ”- p , ) |1v i (p Hp*) = i ( i ^ ) G v ’" ~ ß p '2) + ^ ( P ,,2- P t2 ) ;> A 1.3
v a n ish e s  i n  each  o f  th r e e  r e le v a n t  c a se s :
( i )
.2  „2 2, p 1 = p" = -m •, -  2 -  2 2 ßp* = ßp"* = -m A I .4
( Ü )
,2  2 „2 p ’ = -m , p" = 2 - 1 2 - 2  2 - 2  - k  = - g m , ßp* = - m , ßp" = 0 A l . 5
( i i i ) ,2  „2 . 2p* = p" = - k  •, -  2 2ßp" = -M , A l . 6
Then as d i s c  D i s  th e  mass s h e l l  v a lu e  o f  Iiv
d i s c  D = V (p Mp*)V ( p V )  A l.7
jjiv p, *  '  *  '
HV = i < \ v  -  ^  / q 2) d i s c  Dpp .we m ust have d is c  D A1.8
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V  I APPENDIX 2
CALCULATION Off VARIOUS TRACES
T h is  ap p en d ix  c o n ta in s  th e  d i r e c t  c a l c u la t io n  o f  th e  fo llo w in g  t r a c e s ;  where 
by d i r e c t  c a l c u la t io n  we im ply an  e v a lu a t io n  u s in g  th e  t a b le  o f  th e  t r a c e s  o f  ß 
m a tr ic e s  i n  c h a p te r  V
I  = T r ^ [ß p ,2 - p ’ 2] ^  ( p V )  [ß  p M 2 -  p ”2 ] ( p V ) j
H H II T r ( p ' 2 \  (P*PM) [ßP**2 “ P "2 ] ^  ( p V ) j
I I B = T r ^ [ß p ‘2 -  p*2] v^ (p * p H) p ’*2 v^ ( p Mp ' ) j
I I I  = T r 1 p*2 v^ ( p , p u) p ”2 v^ ( p Mp * ))
IV = T r ( *Pp*2 ^  ( p ‘p H) ßp"2 v^ (p "p * ))
The t r a c e s  a r e  e v a lu a te d
Thus
f o r  q = p '  -  p H
w ith  p 12 = - k 2
„2 v 2
P = *
P 'P "  = (q 2 + M2 + Mj^ ) .
We n o te  once more f o r  com ple teness th a t
V (p V * )  = i( l+ K ) [ßp*ß + ß ßpM] -  i(K +g) [ß p ”ß + ß ßp* ] + lg  [p '+ p " ]  •H* r r H* H* p
We have c a lc u la te d  one more t r a c e  th a n  s u f f i c i e n t  f o r  ou r needs i n  o rd e r  to  be 
a b le  to  c a r ry  o u t a CONSISTENCY CHECK :
1 3 0.
The r e a d e r  on exam ining th e  t a b l e  and having  i n  mind th e  r e l a t i o n  o f  11^ to  I I  
w i l l  r e a d i ly  be a b le  to  see  t h a t  th e  r e l a t i o n
1 + IJA + IXB + I I I
does i n  f a c t  h o ld . We a ls o  w r i te  down i n  th e  t a b l e
T r £ *ßp,2 V (p*pM) [ß p " 2 -  P "2 ]V, ( p Mp*) \ = I  + I I
I  T r [ ß p ,2 - p , 2 ]V^ ( p 'p " )  [ ’Pp”2- p ”2 ]V^ (p Hp*)
I n  te rm s o f  H ß -  6 th e  v e r te x  fu n c t io n
|1V [IV
V j p 'p " )  = i ( l +K )(ß p 'ß p + ßpßp ') -  i(K ^ ) (H ^ pp ' p + Hp(ip "p) -  u c (p '+ p " )p .
As ßp,HapP*a g =  0 = Ha g P 'a ßßp* th e  term s p ro p o r tio n a l to  (l+K) v an ish  from
th e  t r a c e  which becomes, n o tin g  th e  symmetry i n  p ' ,  p" o f  th e  c ro ss  te rm s,
-  0 ^ ) 2 V  [(M-2)HapP- ap (Hppp<p + Hppp ''p)HY6(Hpop "c + H ^ ) ]
-  2K (K+g) Tr [(M-2)HaßP- aß ( H ^  + + 2 ^ p " ^ ]
-  K2 Tr (M-2)Haßp ' aßHY8p"Y6 (P ' +P" ) 2 ,
The tra c e s  invo lved  a re  ta b u la te d  i n  C hapter V , Applying them we o b ta in
-  (K+g)2 6pv [ p ,2p "2p ' liP"v + P ,2p "2p"pp ' v + P ,2P ,2P '',1V + p "2p"2p ', ,v ]
+ 2K(K+g) [ p ,2 ( p 'p ' ') 2 + P"2( p ' p " ) 2 + 2 p ' 2p "2p 'p " ]  -  K2 ( p 'p " ) 2 (p ' + p " )2
(K ng)2 k 2 [q 2 + 2 ( l £  + J/£) ]
f  (iUg) [q 2 + (M2 + ^ ) ] [ ( M 2 + M^) M ü h e s t  l £ ]
+ I  [ l 2 + M2 + M^]2 [q 2 + 2 (M2 + 1 $ ]
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j j  [K2 + 2 K g + ? 2 ] [4  M2 t ^ 2 + 8 M ^  (M2 + Mjj) ]
-  ^  [K2 + K ? ][2 (k 2 + k ^ )q 4  + 4  (M2 + l $ q 2 + t l A 2^ 2 + (k 2+E,2) [ 2 ( k 2+M^)2 + SlAi,2 ] ]  
+ | 2[ l S + 4  (K2 + i^)q .4  + 5 (M2 + l ^ ) 2 q2 + 2 (M2 + M^)3]




I c  + 2.1?
4 u ' v“ “ ^  2
t2 >r2 2
a On / „2 ^.2\,,2 ,-2i 2+ [ ( r - 4 K 5 ) + (-IT  + r ) * T  l ^ ] q Ä
,,2  , r2 2
Ma + libr „  w ». , „2 \,,2  ,,2n “ a+ [ -  4 K 5 + (4 K £ + 4 £'> r  M^ ]
M-  + Ivi“
I I A Tr [p*2 V ^ p V )  [ß p ’^ - p " ^  ( p V ) ]»2 » 2 -
We r e c a l l  th e  d e f in i t io n  o f  H •p,V »
H =s 3 •“ 8p.v p^*v liV „
Then V ^ p 'p " )  = i ( l +K) [ H ^  + H ^ p » ^  -  i(K +?) [ H ^  + H ^ p ^ ]  + iC p '+ p " ^   ^
Pp '*2 -  p "2 = v  ,
w h ile
V ( p V )  = i(l+ K )[H  p* + H p" ] -  i ( K ^ ) [ H  p" + H p* 1 pi r  '  v /L p,pr  p op. cH /L p.pr  p op. cH
Hence T r (p*p")(l*p"2 -  P"2) (p "p ’ ) ]
+ iC p '+ P 1') , .r
= (P* + P1')^  (P* + P " )v P*'2
+ (&*€) (p m2+P, Ph) [ ( p ’+p")^ p ”v + (P f+P")v P"^
-  (l+K) (p"2 + p*p") [(p*+pM)^  p ”v + (p t +p,,) v p"^]
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+ (K+£)2 [p ”2 P ^ P * ^  + p "2p ”2 6J1V + p ’2p ”iJjP”v + p " 2 p Mv P 1^ ]
-  (l+K )" [p*p,,p ,,^p”v + p ,p ,,p*p,,6^v + p ”2 P ,,^P"V + P , P,,PnjJ(P”v]
+ (1+K) (K+£) [ - p 'p ^ p » ^ ^  -  p ’p ''p n2 6jiv -  p ,p ”p ,,[lp "v -  p 'V ^ P '^ ]
+ (1+K) (K+g) [ - p " 2p HtiP ,,v -  p ’p V '2 6^  “ P W ’^ P '^  -  P ,P’*P, ^P,’V] .
th a t  Tr p ‘2 V' (p*pM) [ß p H^  -  p ,,2]V (p Mp*) 
r  r
2 , 2y - f - 2 ^ - 2  l £ ]
+ (1 -5 ) M2 \  [q 2 + M2 + 3 11^ ] 2
+ ( K ^ ) 2 M2 M,2 [ -  (q2 + M2 + M^) -  4  K,2 -  ll2].2 v 2>
+ (1+K) 2 M2 [ -  (q 2 + H2 + M^ ) 2 -  li2 (q 2 + M2 + 1 $  -  l £ ]
+ (1+K) (K+g) M2 [ - | (q 2 + M2+ M^ ) 2 + 5 ^  (q 2 + K2 + M^) + 2 1^]
(V  q4 [ l  -  g -  2 (1+K) 2 + (l+K) (K-tg) ] 
2 2 2 2
M M + MZ  na / a D\ 2
+ 2 (' 2 )q  [4  -  4g -  3 (1+K)“" + 4  (1+K)(&(g)]
+ a B q^ [ ” 1 + 2 ^  -  (1+K) + 5 (l+K)(K+g)] 
2 „2  , 2 2M M + Ivla / a d
■*" o \ o ) [ 8 (1-5) -  16 (1+K) 2 + 8 (1+K)(K+g)]
+ Y  M2 k 2 [ -  4  + 4  ( l - g )  -  4  (1+K) 2 -  2 (1+K) 2 + 10 (l+K) (K+g) ]
,-2
a „2  „-2M [ - 4  + 8 (1-g) -  10 (K+gJ -  4  (l+K)^ + 14 (1+K) (K+g) ]
M , 0
~  q4 [ -  1 -  3K -  K2 + K^]
*a A  + A  2 r , n„,  , 2 ,+ -r- (----- 5-----) q L “ 4  -  12K -  4  K + 3 KgJ
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+ M2 idj; q2 [5K + 3 K2 + 35 + 3 Kg -  s 2]
2 2 2 2 M to + k
+ - f  ( - ~ ~ 2) [ -  4  -  12 K -  4  K2 + 4  Kg]
M2
+ M2 [ -  2 + 6 K + 4  K2 + 5g + 2 Kg -  4 g 2 ]
M2S  , ,2  ,,2+ —  M* [6K + -  6 Kg -  10g2 ]
I I I  Tr p*2 V (p , Pw) p m2 V ( p V )
P P
Nov/
Vx (p*PH) = i(l+K.) (ßp’ ß^  + ß^ßp") ~ i(K +£)(ßPH ßj.+ß^ßP*) + i£  (p ’+P**)  ^ 5
and
V ,(p MP*) = i(l+K .)(ßpH ß^+ß^ßP*) “ i(K +g) ( ßp* ßp/ßp,ßP”) + ^  (P'+P")^  
d ic in g  th e  expansion
Tr [V (p*pM) V ' ( p V ) 3
P P
= -  [(l+ K )2 + (K ^ )2]Trr + 2(l+K) (K+g)Trg -  2[ (1+K) -  (K ^ ) ]Trt  -  ? 2 Tru 
= -  (l+2K+2K2+2K+g2) l r  -  (-2K-2K2-2g-2Kg)Tr -  (25-2g2)Tr, -  ? 2 Tr
x S  0 u. y
■we have
Tr = Tr (M -2)(ßp’ ß + ß ßp“)(ßp"ß„ + ß.,ßp”)
x p P p P
= Tr (M -2)(ßp'ßiißp,,ß|l + ßp ßP ^ ß P “ + ßp’ ß^ß^ßP* + ßP'^ß^ßP")
= Tr (2 ßp*ßp" + 2 ßp‘2 + 2 ßp»2)
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= 6 p ’p» + 5 P*2 + 5 P1'2 
= -  3 q2 -  9 (M2 + ¥ ? )  5 
Tr^ = Tr(M -2)(ßp’ ß  ^ + ß^ßp") ( ßp* + ß^ßp")
= Tr(M -2)(2ßp, ß ß ß p “ + ßp, ß ßp’ ß +. ß ßp»ß ßp")r r r r r r
= Tr (4  ßp'ßpM + ßp'2 + ßp1’2)
= 12 p*pM + 3 p |2  + 3 p"2
= -6  q2 -  9 (M? + m£) ^
Tr = Tr [2  ßp* ßp»» + ßp*2 + ßp»2 ]
= 6 p*p» * 3 P*2 + 3 p'*2
= “ 3 q2 -  6(M2 + M )^
Tr^ = (p* + p » )2 Tr (M-2) = -  4  q2 -  8(k2 + kj )^
so th a t  Tr [V (p*p») V (p"p*)] r r
= (3  -  6K -  6K2 -  65 -  6Kg + ^ 2)q 2 + (9  -  65 + 552) ( l i2 + M )^ .
For com pleteness we w r ite  dov/n
^  [ p ,2 Vn ( p ' p ")p "2 V (p -p 1) ]F* r
2 2 M + iv
= (3  -  6K -  6K2 -  6g -  6£g + h S ,2 ) U 2 M^q2 + (18  -  12g + 10g2)iÄ i^
IV Tr [ßp*2 V (p'p'Oßp"2 V (p«p*)]r r
Now in  terms o f  10 x 10 ß m atr ices  
Tr ['pp*2 y p 'p 'O f t? " 2 (p » p ')]
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= Tr (>M)(ßp*Y^ (p , p")ßp”)(ßp"Vp (p ,,P , )ßP, ) *
As V ^ p V ' )  = i ( l+ K ) ( ßp*ß^+ß^ßp1') -  i (K -^ )(ß p ,'ß^+ß^ßp‘) + i g ( p , p")v -> 
i t  fo llov /s  that
ßP* V ^ p ’p'Oßp” = i ( l+ K )(ß p , 2 ß^ßp” + ßp*ß^ßp"2) -  i  K(p*+p',) ti ßp*ßp"
w h ile
ßPH V ^ p V 'ß P * )  = i ( l+ K )(ß p ,,2ß^ßp* + ß p '^ ß p * 2) -  i  K(p, +p,,)^ßp”ßpt #
We th ere fo re  con ven ien tly  expand th e  tra ce  as
Sp
-  (1+K)2 Spx  + 2 (1+K)K Spy -  X2 Spz >
x  = Tr (3-M)(ßp»2 ßtißp« + ßpl,ß^ßp*2) (ß p , 2 ßjIßpn + ßp’ ß^ßp"2) 
= Tr (3-M) [p*2 ßp"2ßp'ßpH + ßp"2 [( l-M )ß p ‘2 + Mp, 2 ]ßp"2 
+ p ^ ß p ’^ p ’^ p * 2 + ßp'2 [(l-M )ßp"2 + kp,,2]ßp"2 ]
p ,2 p'p"Tr(ßp"2) + p"2 p ’p" Tr(ßpt2)
+ 2 p ,2 p"2 Tr (ßp*2 + ßp”2) ( p ' 2 + p ,,2)Tr (3-M)pp*‘"ßp1*2
p ,2p " 2 ^gpipi! + ß p t 2 + 6p»*^) -  (p*2 + p " 2) ( 2 p fp ,,p ,p H + p ,2p " 2)
m2 . 2 2
1 , , 2  ,,2n 4  , , a + iVlbN 2 , ,.2 „2 2
2 ^  a + lvV  q + 4 -^--- 2----  ^ q " 3 \  \  q
k 2 + M2 3 M2 + lv2
4  (— — *) -  16 ' 2\  •* 2 ,  2
bpy  = Tr ( 3“M) (2 ßp"2 ßp*2 + (p*2 + p"2) ßpMßp') (ßp* ßp") 
= 6 P ’ 2Pm2P , Pm + (p*‘_ + p ,,£") [ (p 'p " )2 + 2 p f2 p"2 ]
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( p '2 + P "2) ( P ,P " )2 + 6 p 'V 'V p "  + 2 p ' 2p "2 (p*2 + p "2)
1 /y 2 ,.2\ 4 rl  /. 2 ,.2v2
-  K  + $  t | ( Ma + ^ ) 2 + 5 <
2 ,„2-
1 2 + i.2 , h 2 + i 2 2
" V + [ - 2 ( ~ V ;  °-  ('2  ^ 2 ) -  3 M2 k f ] q 2
+ k b 2 2 2 Mf  + ^
+ [ -  2(-----2-----> "  10 Mf  “ b 3 ( - ~T ~ 2)
Spa « (p* + p ") T r (3-in)ßp"ßp, ßp'Pp" 
= (P* + P 1' ) 2 [ ( P 'P " ) 2 + 2 p ,2p "2 ]
2 ( p 'p " ) ' ’ + ( p ’2 + p ,,2) ( p ,p ',) 2 + 4  p ' V ' V p 1' + 2 p 'p "2 ( p ' 2 + p"2)
I  .  A  + <  4  r .  kf + ^ 2 -  4 -  2 l , ■)q + [ -  5 (- ) + 2 P i V i ^ ] q 2
[ -  4  -  8 Mf Mf] A - ^ )
Thus
Tr  f a ' \  ( p ' p " ) ß p ' ' 2 V (p"p<) 
r  H*
K2 R O „ M2 + iv  ,
= f-1V  [ -  (l+K )2 -  K(l+K) + 2K2] (■ -a- _  - " ) q4
„ „ M2 + Pi2
+ t -  4(1+K)2 -  « ( l+ K )  + 5 K2] ( - - - g~ - )q 2
+ [3 (l+ K )2 -  6K(1+K) + 2K2]M2 M2 q2
m2 + , 2  3
+ [ -  4 (l+ K )2 -  2K(1+K) + « 2 ] ( ■* ~’a)
2 25 0 3V1 + Mr _ _
+ [l6 (l+ K ) -  2QK(l+K) + 8a 1 - * • ■ ■ ■ M2 M2
2 a h
137.
2YT 6£- <1 + (- 1 - 3K) (■
2 2M + MT , a D\ 4■)<I
2 2 2
2 K +K 2 2 2 2 2+ (- 4 - 12K - 3K2)(-- 2“ ")  ^ + (3 “ K2)kf q2
( - 4 - 12K - 4K2) (—
t-2 >r2 3M +
2
2 2« Mf + Mr 9 9 
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CALCULATION OFTr
We u se  th e  t r a c e s  IV , V, I  e v a lu a te d  and ta b le d  i n  A ppendix 2. > P age I38
T r11 = IV (M = Mh =; m)
= q^ + + 12 m6 9
rn C l .... / , 2  2 2 ,,2  .,,2%T r = -V (M = m = gM , MT = M )
6 4  2 2.(.4 v6= c^q  + c^q  M + c^q  Wi + cjfl. 0J
w here th e  t a b l e  g iv e s  th e  v a lu e s
° 2 = 4 ;  (-K 2 + g + 4  K g ) ,
o3 = [(K 2 -  ke, -  16Kg -  3K25 ) ( 1  + g )
+ 4g (3K + 2K2 + 35 + 3K5)]
= [-K 2 + ^  + 4Kg -  6 K ^  -  8g2 + 4Kg2 + 3K-^2 ]
c4  = - |  [ (  - 5  -  -  K ^ ) ( l  + g ) 2
+ g 2 ( -  2 + 6K + 4k2 + 6g + 6Kg)
+ g (6K + 6g -  2Kg -  6g2) ]
= [g  -  2isg + K2g -  2g2 + 4Kg2 -  2 K .\2 + g 3 -  2Kg3 + K
Tz* = I  (M = M = M) 
a b '
= J-q6  + (K2-K g)h2q4  + (-4Kg+g2)li4 q2 + 4g2h6 .
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VI  APPENDIX 4
ASYMPTOTIC PORlvi OF Im n( q  )
We p re s e n t  a s  a ta b u la r  c a l c u la t io n  th e  d e te rm in a tio n  o f  
U
where
f  T r^1 + 2 f  T r01 + f  T r°°  I 11 + ^ 0 1  + 00 >
2 4_ „ m „ m
1 + 2 2 2 5
q q
1 + ( 1 + 5 - 1 ) ^  -  2 € 3  
q q
2 4
1 A oe-“ 1  P L  q i f - 2  m_1 + P5, 2  ^ i-j *
q q




1 2  4  
2 m q
1 4  2 
2 m q
m  11T r K2 -2-6K
K2
-2-24K -8K 2 
- 4 - 1 2K-
-K2
11
fn Tr K1 -2-6K+K2 -6-36K -9K 2
2 T r01 -2K 2 - 2 K ^ - 1 +2+8K 
- K ^ _1 -K.2
-R 25 - 2 +4C- 1 +4Kg- 1 - 6 K ^ _1-8+4K+5K2
- 2 K :V 2+2g- 1 +8Kg"1-2K 2g " 1 +2+8K
2 K ^ - 1
2 f  T rü l  I 01 -2K2 -3K.2g - 1 +2+8K-K.2 -3K 2g - 2 +6g_1+12Kg_1-SK2g “ 1-6+12K+3K2





m 00 f  T r 00 K2 3 K ^ - 1  -2K
2 - 2  -1  3K £ -12K£ x 4*2






(A) E q u a l  H a ss  I n t e g r a l s
I n  t h i s  s e c t i o n  we e v a l u a t e  t h e  i n t e g r a l s
-1
—  / x ( x  -  4 ) n  = 1 , 2 , 3 a
X
4
I n  e v a l u a t i n g  t h e s e  i n t e g r a l s  we b e a r  i n  m ind  t h a t  we a r e  t o  l e t  
X -P> 0  b e f o r e  t a k i n g  t h e  l i m i t  c, —► 0 .  T h u s we p r o c e e d  oy
( i )  f i r s t l y  d ro p p in g  te r m s  i n  X a n d  h i g h e r  p o w ers  o f  X 
( i i )  t h e n  d r o p p in g  h ig h e r  p o w er te rm s  i n  g .
C o n s e q u e n t o n  t h i s  l i m i t  p r o c e s s ,  t h e  i n t e g r a l
may b e  d e te r m in e d  b y  t h e  s u b s t i t u t i o n s
X 1 —*  £  1 X 1 , l o g  X l o g  g  X •
i n  t h e  e x p r e s s i o n s  b e lo w
14-2
As a p re lim in a ry  to  th e  ’ equ a l m ass' i n t e g r a l s  we n o te  t h a t
-1
[ ^ /x (x  -  4) ]^  = X ^ ( l  -  2X -  2 \^ )
an d  [ lo g  ( | / x  + ^ x  -  4) = lo g  X
-1
■ 1 /2  [1  -  X -  \ 2 ]
5
— “ ^  X -X r
x"1 . ____  ,_ __ __  ___




X 1 + 2 lo g  X -  2
^ x ( x  -  4 ) = [ - 2  / x  -  4  + 2 lo g  ( / I T  + j/x  -  4) ]X
x /  x  4
-1
-1
J 4  x3
-  lo g  X -  2
-1
r 2 / x (  x -4 ) / x( x-4) -j
L "  3 2 x  jx 4
-1
f
J  4  x
j / i  ______  ________  4
r -A  fx -4 ) i/xy x -  4) 1 i/x (  x  -  4) -I





T hese  i n t e g r a l s  may be  checked by r e f e r e n c e  to  th e  e a s i l y  d e r iv e d  r e c u r re n c e  
fo rm u la
i^ x(x - M [ _ 4) + ( n_ 3) f  m . / x ( i 4 )  ]
X J X
_ _ 1 _ _  r ( x - 4 )
4n-S
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(B) U n eq u a l Mass* I n t e g r a l s
I n  t h i s  s e c t io n  we e v a lu a te  th e  i n t e g r a l s
i
-1
~  (1  -  2 (l- t£ )x "1 + ( l ^ ) 2x- 2 ) l / 2  (n  = 1 ,2 ,3 ,4 )  .
(1 ^ 1/2)2
\
The rem arks a t  th e  b eg in n in g  o f  th e  p re v io u s  s e c t io n  a p p ly  h e re  to o . 
We om it th e  s u b s c r ip t s  and c a l l
f  = ( 1 -  2(1+S)x~1 + (1 -  ? ) 2x"2 ) 1'/2
Then f  [ ( l  + g " ^ 2) 2 ] = 0 .w h ile  th e  a sy m p to tic  form s o f  f ,  f^ a r e
f  1 -  ( l+ 5 )x -1  -  2g x-2  s
f '  N l -  3(1  + 5 )x _1 + 3(1  + € 2) x-2
We f i r s t  n o te  two a u x i l i a r y  i n t e g r a l s .  (T h e r e in  a s  e lsew h ere  i n  t h i s  s e c t io n  we 
om it th e  l i m i t s  o f  i n t e g r a t i o n  ( ( l  + X from  in t e g r a l s }  *
1~  = [ lo g  (x f  + x -  1 -  5 ) ]
iog ar1 A  ^(vs)x - s
fx2f
-  lo g  X -  -  lo g  £ -  (1+£)X
[ lo g  ( x ( l - ^ ) ( l - 5 ) ~ 1 -  ( l - £ )  + x f j -  lo g  x]
1 -  5
_ I _  l 0 „ ( i ^ K i - J 1 . -  (1 -jS )* . t  1  -  ( 1 ^ ) X
1 " 5 ( l-5 )_1 (45 + 2 5 ^ 2) ( l - t5 ^ 2)-2
( 1 - 5 ) -1  ( -  j  lo g  5 -  \ )
= -  -  lo g  g -  i  5 lo g  5 -  -i 5 2 lo g  5
X'1 - (1+5) - (1+5)(-log X - - log g) + (1^)( -
-1X~ + (l+s) log X - (l+s) + g log g
x - (i+g;)x _ (xf) _ (i+g)x - (i-g)
x2(xf) x3f
i x3f [ (1—g) ^ - (1+5) x -  (1+5) x + x2]
- [f] - (1+5)I *  * / dxxf
- 1 + (1+5) (l-5)-1 d  log 5) - log X --i log 5
- log X - 1 + £ log g + £ log g t
— s  ( [xfj] - d+5) - [du \2(1-5) 2 ( J X J )
2(1-5)




- [xf] - (1-5)2 I ~  +
i f
[R t*T2 "
< « > / #  j
2"(l-5)2 (1-5)2J x2f1
1 1+1
2 (1-5)2 (1-5)3 ' 2(- \ log 5)






[ [f3] - 3 ÜU5) f ]
(1-^)(i-g)"3log g + -J (l-£)2(l-g)2
= g log g + 5 52 log 5 + I + 2 5 •
146.
VI APPENDIX 6
«fibCALCULATION OF n ( \ )
The d e f in i t e  in te g r a ls  u t i l i s e d  in  t h is  appendix are to  be found in  A ppendixS „
(A) f ^ X )  = —  f  1‘ % f n ( - ^  T r ^ i - x )
J l u n 2
y
<*4
dy f n ( " m2y) Tr11 (~m2y) ]
w herein  y) = y" / y U ^ V  3 (Note y >  0)
w h ils t
i*y~^nf6 Tri;L(-in2y) = ^~ + (l+3&)y"J' + (-l-12K -4K ‘::)y*‘t~ -  12 y-1 , 2\  - 2  n 0 -3
So — 7tl;L(X)
2
= (g-1  x_1 + 2 lo g  g X -  2) + (1+3K)(- lo g  g X -  2) + ( - l - i a ^ K 2) ( | ) - 1 2 ( |5 )
= 4  g - 1 x“1 + (_ l_ 3 K if )  lo g  X
K2+ (-1-3K+ —■) lo g  g
■=4 -  8K ~  K2 ,
Je 6
(B) 2 501 (X) = ~
m \  2 T
dx f  (-x )2  T r ( - x )
\
-1
1 dy f 01(-K^y) [ -2  C 1 y-3  Ü-6 Tr01 ( - k 2y ) ] ;
( l * 2) 2
14-7 ,
where f  ( - ; .2y) = y"1 [y 2 -  2 ( l+ g )y  + ( l < ) 2 ] 2 .>
and
- 2g " V V 6Tr01 (-to2y) = ~ € -1  + (K2g- 1- l - 4K)y_1+ [ - | - g " 1+2+2K-3K2+0 (g )]y '
+ [-l+2K -K 2+ 0(5)]y-3
2 -1-©1, . -K\2 Ti (Xj = [X_1+ (l+ S )lo g  X -(l+g)+£ lo g  g ]+ (K ^ _1-l-4 K .)(-lo g  X-1+ 5
+ (~ f  £ _1+2+2K-31'i2)(5  lo g  g + \  + \5) + (-1+2K-K2)(5  lo g  g + -i)
= Y  s"1 X"1 + (= | K2 g”  ^ + 1 + 4K -  ~  ) lo g  X
-  i ^  S ' 1
11 16 „ 1J „2
+ ~ + 1 K" i * K .
(C) i°° (X ) = f 0 0 (-x ) T r°° (-x )
M“ 1 0 x
s -1 dy f o0 ( - ^ y )  £~1 f  ^  Tr0 0 (-M2y )]
Nov/ f  (-l,x2y) =
y ->
W h ils t
2
-^■1y-3 U"ST r00(-H2y) = g_1 + ( - A A l O y ' 1 + (-4 iU g)y“ 2 -  i^ y -3
lo g  £)
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So
rc00( \ )  = ^ ’ 1 (X~1+2 lo g  X-2) + ( - K ^ ^ + K )  ( - lo g  X-2) + (-4K4£) ( | )  -  ^ ( g j j )
K
4 C“ 1 X“ 1 + («I K2 g “ 1 -  K ) lo g  X




AIm ASYMPTOTICALLY CORRECT THEORY OP CHARGED
149.
1 . The Theory
PARTICLES OP SPIN ONE.
Lee and Yang ( 1962) showed th a t in s i s t in g  & p r io r i  th a t in te r n a l sp in  one
l i n e s  have the v a lu e
3*Faß =
6 o + P P o  /
-  i  - 2 | ------— £---------  ,  VII 1 .1
p + m -  i e
th a t th e  u su a l Dyson Wick form alism  a p p lied  to th e Lagrangian
L = - - ( 3 A ) ( a A ) - ^  & Ä G -  m2 /  *  /  -  ieR F 0 Ä 0 ,  1 . 22 v v \ y  v v jr  2 jiv p,v ' p  |iv  5
where G- = n 0 - tz 0 1 .3
J I V  ' V  V  r [L 9
and it = 8 -  i e  A 1 .4
[i  J l  [1 D
f a i l s  to  determ ine a s e t  o f  graph elem ents fo r  non zero K. Our phraseo logy  i s
most c a r e fu l ly  con sid ered  ; any graph th eory  th a t works -  w itn ess sp in  1 /2  and
sc a la r  and vecto r  sp in  zero -  has a covarian t s e t  o f  graph elem ents -  and we sim ply
do not regard the n on -covarian t e n t i t i e s  [ s e e  th e ir  P ig . 1J produced by Lee and
Yang as c o n s t itu t in g  a s e t  o f  graph elem en ts. On th e  o th er  hand, as i s  w e ll known,
th e  graph theory d ed u c ib le  by Dyson-Wick methods fo r  K = 0 i s  not a f i n i t e  one.
2
[S ee  our own c a lc u la t io n  o f  ImTT(q ) in  V Appendix 3 ] .
Our own exp erien ce w ith  vecto r  sp in  zero f i e l d  su g g e sts  th a t th e  v a lu e  o f  
in te r n a l sp in  zero l i n e s  w i l l  be c o r r e c t ly  determ ined by c a lc u la t in g  the vacuum 
exp ecta tio n  v a lu e  o f  th e  T product d efin ed  fo r  x = ( t  r) as
T V » > 0 v*(°> = ^  for t  > 0
1 .5 a
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\  [ ^ ( ^ / ( o )  + ^ vA( o ) ^ ( x ) ]  f o r  t  = o 1 .5b
0V (o)fl (^x) f o r  t  <  o 1 .5 c
th e  c a l c u la t io n  o f  vacuum e x p e c ta t io n  v a lu e  to  u se  th e  u s u a l  F o u r ie r  expansion  
f o r  v e c to r  s p in  one quantum f i e l d :
J^ ( x ) = ( 2tc) ” - ^ 2 ^ >d \ ( 2 w ) ~ 'L//2 2 [ a ( k s ) e x p ( ik r - iw t)  + bÄ(-k s )  e x p ( ik r  + iw t) ] e ( k s )
1 .6 a
1.6b
I n  t h i s  ex p an sio n  th e  sum i s  o v e r th e  th r e e  s t a t e s  o f  p o l a r i z a t i o n ,  s  = 1 ,  2 , 3} 
e ( k l )  , e (k2) , and k ^ j k j  form  a r i g h t  handed o r th o g o n a l s e t  o f  th r e e  u n i t  v e c to rs}  
■while e (k3) = w k/n | k | , and w = (k 2 + a (k s )  , b (k s )  a r e  a n n ih i la t io n
o p e ra to r s  f o r  v/bich
[ a ( k s ) , a* ( I t ) ]  = [b (k s )  , b * ( l t ) ]  = 6 b ^ k  -  1) ^ 1 .7
and a l l  o th e r  com m utators v a n ish . 
Then th e  vacuum e x p e c ta t io n  v a lu e
£  (x)£fv* ( ° )
(2 tt)
(2rt)
- 3 / -1d^k (2w)~ exp ( i k r  -  iw t) [ 6  ^ /  m j  t  >  o 1 .8 a
J 1 d 3k (2’w)” 1 exp ( i k r ) [ 6 ^ v + ( q ^  + q^q^)/2n2 ]  t  = o 1 .8b
= (2Tc)“ 3 ^ d 3k ( 2w)"-1 exp ( i k r  + lot)[ 6^v + q^q^/m2] t <  o 1 .8 c
w here in  a  = iw , q . = k .  ( j  = 1 ,  2 , 3)« E q u a tio n  1 .8  i s  e q u iv a le n t  to  th e  fo rm u la  
^  J J
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<T A,Mrfto> 1.9
where as usual it is understood that the integration J'dk^ is performed first. 
[Compare the vector spin zero case discussed below equation IV 3.20], Note that
(1) I f j i / 4 ,  v /  4  we may make the replacement in numerator! k nk^ /  k
- k k /  m2 ,u v 7
(2) If p = 4, v /  4  equation 1,9 agrees with 1.8b if t = o.
(3) If p = 4, v = 4
p- v
5 - k k /ke
t-iv U. V 7
,2 2 k + m - i s
k2/(kI - k 2)
k2 - k2 - m 2 + iso -
1.10
so that 1.9 is in agreement with 1.8 in this key case
2
(4) The numerator term l/k is specified to have the same meaning as in vector 
spin zero case discussed below IV 3.24.
We are thus lead to the following assignment of the value of the internal spin 
one line
SFaß(p) - i “ P»A /P‘2 2p + m  - is 1.11
Note that we put forward this value so confidently on the basis of our experience 
with the vector spin zero field, for which we found that the specification
• pap3 /g2
GFaß(p) 2 2p + m  - is
1.12




The next question is what are the value of 3'and 4~vertex in the correct 
theory of vector spin one. The simple minded ^roceduhe that worked for vector 
spin zero of merely using the matrix elements of - i [L(e = O)-L(e)] where L was 
a Lagrangian density giving desired field equations, does not work for vector spin 
one. The reader will note that the numerator of S-pa,o(p) is the same "on the mass 
shelf" as the numerator of the usual S ^ ag(p) , so that for example the spectral 
weights for photon and spin one have the usual unacceptible values.
We confess our inability to specify the value of 3~anä 4'vertex but instead 
provide a strategem to calculate at least some graphs. The strategem is based on 
the observation that the usual Dyson-Wick formalism goes through without a hitch 
for the Lagrangian density adopted by Lee and Yang in their theory
L = ~ £(iu \  Ä)(rc 0  ) - -i(9 A )2 - -  G - m20 - ieKF 0  *0 , 1.13E ' U r[L V V 7 2 U v' 2 UV LLV ' LL r U LLV LI ' V  3 J
K = f ' V r - A n “ 1  Gr( 1.13a
for which with metric chosen appropriately, the value of internal lines is
1
= slaß fe) + Saß (p) 5 1.14
where cl (p) _ i h ß  + p,p ß / m2b aß ^  " 2 , 2  3p + - le
1.15
and „0 /N , P a P ß / “2b aß (p/ ” 1 2 . 2  . $p + M - rer n
1.16
defining M 2 = am2 + (l - a ) ^ 1 m2 , 1.17aa
M 2 = M2 , 1.17bo
We therefore regard the graph elements as given by Lee and Yang and tabled in
153
2 2VI T 1 as providing an acceptable mathematical starting point. Nov; for p M ,
(p)
SaB - I V g  / P
2 2 p + m
+ i
P„P
2 2 ir2m p + M
Then if we let M  = k — > 0, i.e. £ — > oo
s^ -v(p) s(p) ,
1.18
1.19
2i.e., for sufficiently large p the Lee and Yang particle line becomes the spin one
particle line as g ---> oo# We can therefore calculate those graphs which had
we a complete set of graph elements would be determined for all spin one lines p 
satisfying p V> M [note m >£> M  ], our calculation of such graphs to be
performed using the graph elements of Lee and Yang and setting g --- > ■ oo at the
conclusion of the calculation. (Our position is the very opposite of that taken 
by Lee and Yang who used the property that for small p S (p) becomes negligible
as E,--->  0). Thus in particular we can calculate the spectral weights for the
graphs
We calculate the values of the spectral weights for photon and meson propagators 
in Sections 2, 3 respectively. As we have not as yet determined the appropriate set 
of phase integrals
YJ-^ /At-[(p”-k)2 + m2]8 [(p*-k)2 + k 2]f(k) ,Jr 1.21
tke
v*e are unable to calculate the radiative correction top-vertex. These calculations
of photon and spin one spectral weights are of the nature of calculations to explore
the theory. We are at once forced to limit our claims for the theory and merely
2claim that it gives the correct value for these spectral weights at - p well
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rem oved from  th e  b ra n c h  p o in t .  E q u iv a le n t ly  we d e s c r io e  ou r th e o ry  a s  an 
a s y m p to t ic a l ly  c o r r e c t  th e o ry . The c a l c u la t io n  o f  p^ shows th a t  th e  req u ire m en t 
t h a t
1 .22
le a d s  to  l i m i t s  on th e  p o s s ib le  v a lu e s  o f  th e  p a ram e te r  K w hich a re  s a t i s f i e d  by 
s e t t i n g
-  1 1 .2 3
A lth o u g h  we can * t d e te rm in e  th e  s p e c t r a l  w e ig h ts  o th e r  th a n  a s y m p to t ic a l ly ,  i t
2
seems re a s o n a b le  to  guess th e  low  p b eh av io u r by  i n s i s t i n g  on th e  u s u a l f u n c t io n a l  
form* T h is  p r i n c i p l e  o f  s im p le s t  a n a l y t i c  c o n t in u a t io n  en ab le s  us to  a lso  c a l ­
c u la te  n*(0) i n  S e c tio n  2.
We conclude t h i s  S e c tio n  w ith  a t e n t a t i v e  d is c u s s io n  o f  th e  m ag n e tic  moment
o f  th e  p a r t i c l e  d e a l t  w ith  in  t h i s  th e o ry .  The f i e l d  e q u a tio n  o f  L ee and  Yang ft i s
P*
g % n f t  + it Or -  ja f t  + i . e .  K ft F = 0* v pr p p pv r p pv
M u ltip ly in g  t h i s  e q u a tio n  by and l e t t i n g  g oo le a d s  to
1 .2 4
n n 0  = 0 .
M P  >
1 .2 5 a
a r e l a t i o n  d e d u c ib le  from  th e  f i e l d  e q u a tio n
Ti G- -  in Cf + i . e .  ft F p pv ^p  pv 1.25b
w hich d e s c r ib e s  charged  s p in  one p a r t i c l e  o f  m agnetic  moment (je .g ., Young (1964 )]
2 (e  / 2m)S 1 .2 5 c
In  Lee and  Yang th e o ry  w here th e  c o n tra ry  l i m i t  g 
tVvfi
K = -  1 le a d s  to j j f i e ld  e q u a tio n
0 i s  ta k e n , th e  s p e c i f i c a t io n
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n G- p, p.v m 0  -  i . e .  0  F' V  |1V
w hich  can be e le g a n t ly  w r i t t e n  as
71 TC 0 -  7T Tl 0 -
H p v »• fi F
m2 0
1 ,2 8  a im p lie s  ( jc o n tra c tio n  w ith  tc^ )
2
m 7tv A V i . e .  P GJi,V jiv
The m ag n e tic  moment o f  s p in  one p a r t i c l e  to  c o rre sp o n d  to  1 .2 6  a i s
M = 0 „
A summary o f  ou r r e s u l t s  i n  t h i s  th e o ry  o f  charged  s p in  one i s  g iv e n  in
1 .2 6 a
1 .26b
1 .2 6 c
1 .2 6 d  
Section  4 .
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2 . RADIATIVE CORRECTION TO PHOTON PROPAGATOR
The r a d i a t i v e  c o r r e c t io n  to  pho ton  p ro p a g a to r  due to  charged  s p in  one i s  g iven  
by th e  g rap h
-  " V v  A 2)n(k2)/k 2
w here i n  te rm s  o f  th e  Lehm an-K allen s p e c t r a l  w eigh t p ,
n(k2) J ^  P - ,  ( ,^ 2 )2 2k + ji -  i e
2.1
2.2
and Im n (k 2) = 7ik2p^(-k2) 2 .3
We have a l re a d y  d e te rm in e d  Im n(k ; i n  C hap ter V I, S e c t io n  2 , u s in g  th e  L ee and 




487tm4k2 L l l
[ f ^ T r 11  ^ 2 fm Tr01 + f „  Tr00 ] , 2 .4
where f n  = (1 + 4m2/ k 2) 1/ 2 5 2.5
f Q1 = (1 + 2(m2 + M2) / k 2 + (m2 -  M2) 2/ * 4 ) 1/ 2 y 2 .6
f 00 = (1 + 4M2/ k 2) l / 2  , 2 .7
abThe T r a re ta b le d  in  VI Appendix 3* They a re  
2
Tr11 = k° + (-l-3K )m 2k4  + (-l-12K -4K 2)m4k2 + 12m6 > 2 .8
Tr01 = b ^  + b^ m2k4  + b 7 m4k 2 + b^ m6 ^ 2 .9
L i k e r t \  = -  K2/*- b2 = ( - kV 1+1 + ^ ) / 2 2 .9a
15?. •
b^ = ~ (- kV 2 + ^"’1 + ^T1 - SK2^ "1 - 8 + + 3K2) > 2.9b
■I (C“*2 - 2K^“2 + kV 2 + 4Kg“1 - 2 K V 1 + 1 - 2K + K2) 
Tr°° = ~  k6 + (k V 1 - Il)m2k4 +' (•JtS£~1+l)m\2 + ^ " 1m6 ,
j, 2.9c 
2.10
slIdProm these explicit expressions it is clear that each f , Tr is finite as
M2
ab
2 20 i.e. g — oo. Behaviour at low q of this expression for Im n(q )
does manifest features which will certainly be absent from the correct theory. The
2
asymptotic value of Im n(q ) is
2
Im n(k2) = e¥ 1  V <k > 5487cm k
where If (q ) was calculated in VI Appendix 4
2.11
Tf(k2) = [3 (1 - K2)^"1 - 5 - 12K - 3K2]m4k2 * 2.12
Thence p7(p. , K.) .2k -1 2n -2
4811'
[3(1 - i n s - - 5 - i2K - 5r]ti' 2.13
The requirement that
P3 >  o 2.14
after the limit £ Go has been taken^ amounts to requiring that
%  + 12K + 5 ^ 0
i.e. -  2 - / r < ‘ « - - / t  .
2.15a
2.15b
It seems most acceptable, therefore, to fix K within this range;
K = - 1 2.16£
The absence of a term in g in the asymptotic expression of *Jf for this value cf K 
is a particularly pleasing feature.
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We now have a sy m p to tic a lly ,
p 3 ( p2) i  o _ 2  21271 p
2.17
2 2 2L et u s  now suppose th a t  p , (p. ) has a t  p = -iwn'“ th e  u su a l form* then  th e  s im p lest 
such s a t i s f y in g  t h i s  requ irem ent i s
p 3 ( p 2) 2 212n p.
(1 -  iwn2/ ^ 2) 1/ 2 0 (p 2 -  4m2)  ^ 2.18
2
and corresponding  to  t h i s  v a lu e  o f  p (p ) ,
p 3 (p 2)n*(o) [
2.19
2e
n 2 2 72tt m
2.20
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3» RADIATIVE CORRECTIONS TO SPIN ONE PROPAGATOR
We postulate the DR for spin one propagator t
Saß^p) L °aß po?ß /  p  ^ ( ( 2 2s f  a.a1------------- '------ > 1 + (p + m ) I R —p + in - ie v J p  +
p (p-2)
,2 - i e  >
3.1
Thus were the value of 3 Vertex known?we could determine the magnitude of the 
branch cut singularity
2 2disc Saß(p) = 2rc[6aß - pap ß / p ]p (-P ) > 3.2
from an analysis of
SFaß ^ßy SFy6
/■ Va, r n S’— 4-- *-------- v— 4—
p q = p+k p
3.3
and thus determine p(|i ) to second order» Calculating 2&ß using the graph elements
of Lee and Yang, we may write
S aß(p) = zh(p) + 2° (p) 5 3.4
where in Permi gauge:
2 A2aaß(p) = / d k V i(pq)Sa(q)V^(qp)(-i5uv)/(kt--i€)  ^ 3.5
The branch cut discontinuity of each 2aaß(p) may then be determined in the usual
manner by making the replacements
(q2 + Ma2 - ie)-1 - &pR  +Ma ) 3.6a
(k2 - ie)'1 271 i 5 (k ; P y 3.6b
As we wish to calculate the graph 3*3 we maY drop such terms in p , p 0 as occur at any- a ß
stage of the calculation. Thus we may take the 3 vertex of Lee and Yang, for
3.6C.
K = —1 a s
v (pa, <rr)p- = 1 5ay (p + <j4  -  (1 -  e ) i(v  8ap
3 .7 a
v (<$> pß)r = 1 6Sa (P + -  (1 “ 6pn
3.7b
and d isc  2 0 =aß d isc  Z1aß + d isc  S°aß 1 3.8
where a s  [8  g + q^q^. /  m ] = 0 on th e  mass s h e l f  we have th e  s in g le  e x p re s s io n
^ _ . 9. . . „
3 .9diso = “ ~ 2  ^ J ^ P + ^ p .  ( V V S /m")6 ßS(p+9)^
2 2 2Then by I I  A 3*8 and a s  (p + q )“ = 2(p" -  m ) on mass s h e l f ,
d i s c S 1^ »  - ~ 2  5ap 2(p2-m2) [ l  -  (p2/ ! 2^2) ^ 2/!»2) 2 ] ! ^  , 3*10
wher e ! „  = I  (1 + m2/ p 2) e ( -  p2 -  m2) 3.11
The o th e r  component o f  d i s c  2 ^  i s
d i s c  2
aß = ^ 2  4 o  [ ( 5aY(l?+<V (1"5)<1r 6ap) V &  / Bl2( 5ß6(p+<V (1' 5) ] 3’12
2
2~2 "To + ^  ß^ “ 2vl “ qa qß + ^  ^  q a^ß-^  ^.134tc m
(f o 2 m.r2~ ~ i~ 2  da3 H 2^ “*2^  + 2 ^ ( l ^ ) ] ( p 7 l 2 ) ( l  + M2/ p 2) 2 + M4 ( l  -  £ )*  3 .1 4
4tt m  ^ v '  '
I  (1 + M2/ p 2)e  ( -  p2 -  M2) , 3 .15
2  )■
where X, ~ MO
£ ^ m2 th e  RHS o f  3*12 i s  f i n i t e  a s  gAs M
we may ta k e  th e  l i m i t  g —► 
4130 s °„n (p )
oo . Then f o r  -  p 2 m2
o o , to  g e t -  remember we have dropped  te rm s in  p p -
® I
2
= -% -2  6a ^ 2(p2-m2)(p2/12m2) + m2]ff/ 2  3.16
2it m
161
2Then again for - p 2m ,
2
disc i (p) = -§-r
r 2 k m
6ap [- 2 (p2-m2)(l/l2)(3+3m2/p2 + “V p^ V ^ / p 2W 2 3.1V
2e
4-Tcm2
[-(p2-m2) (p2+m2)/2p2 - 7m^/6p2 + m6/6p .* 3.18
Dropping all but the two leading terms,
2
äisc 2ap(p) Z^7T (P2 - m2)(1 + m2/p2)6aß 8inn r
3.1V
Thence from 3*2 and 3.3? we have^for large p. ,
2
a ^ a p  - Papß / p2]p F p 2) 8nm
^ L  6 D *" p Po /p^l2 2 L aß ^<r ß / p J 3p + m
3.18
P ( 2 2 1671 JI
2 2p. + m
2 2p. - m
2 na 2 Ferrni . 3.19
It would be reasonable to take
2 ~2
p Cm 2) = 2 2 16tt p,
2 2p. + m
2 2p, - m
0 (p.2 - m2) 3.20
Such a p(p. ) leads to an IR divergence in the propagator. Had we not dropped a 
couple of terms small in the asymptotic limit expression for p this IR divergence 
would be far worse. However, the dispersion integral does converge nicely' at
infinity
4 . C o n c lu sio n
F i n i t e  and re a s o n a b le  e x p re s s io n s  fo r  th e  a sy m p to tic  v a lu e s  o f  th e  s p e c t r a l  
w e ig h ts  o f  charged  s p in  one th e o ry  a r e  d e te rm in ed  by p e rfo rm in g  th e  c a lc u la t io n s  
u s in g  th e  L ee and Yang g rap h  e lem en ts  f o r  K. = -1  and l e t t i n g  £ -> oo.





and p (p, ) o f  th e  DR
1 P c f p / P  ] ( , / 2 2,-------7?------ -— L---------  ) 1 + (p + m )2 2 p + m -  i s f dü2p(ti,2) _____  )2 2 . )p + JJ, -  16 7 4 .2
was c a lc u la te d  in  S e c tio n  3 to  be
p(p2)
2 2 2e_____  p, + m
2 2 2 216 it p. p. -  m
(Fe«**n( „ 4 .3
Assuming th e  s im p le s t p o s s ib le  r e l a t i o n s h ip  betw een lov; energy  and h ig h  energy
2 2 2 form s o f  p (p, ) such  th a t  p has th e  u s u a l  form  about p. = 4m le a d  to  
j  3
2
n * ( 0) = ~ r r  4 A
72k m >
a v a lu e  o f  vacuum p o la r i z a t io n  t h a t  seems f a r  too  sm all for^m  o f  o rd e r  c ' 1 Sev 
to  be m easu rab le  i n  p re s e n t  day e x p e rim e n ts .
As an appendum to  o u r d e s c r ip t io n  o f  th e  th e o ry  as  g iv in g  c o r r e c t  a sy m p to tic  
in fo rm a tio n ;
«Ye a re  aw are t h a t  a t  th e  v e ry  h ig h e s t  momenta.)« quantum e le c tro d y n a m ic s  e x p re s s io n s  
must be 'dam ped1 so t h a t  f o r  in s ta n c e  7i(k ) / k  i s  f i n i t e .  F or ou r p u rp o s e s ,  we 
m ere ly  c la im  th e  c a lc u la t io n  m ethod o f  u s in g  L ee and Yang g rap h  e lem en ts  and 
l e t t i n g  g — > oo g iv e s  th e  c o r r e c t  form  o f  s p e c t r a  w e ig h ts  w e ll away from  th e
Q
b ra n c h  p o in t s  e .g .  up a t  (6 Bev) f o r  m = 1 Lev.
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CHAPTER VIII
THE VALIDITY OF .YARD'S IDENTITY FOR DIRAC SPIN 1/2
1, Counterexample.
We are concerned with the quantum electrodynamics of Dirac spin l/2 particles. 
The graph elements for this theory are given in III T 1,
Ward (1949) noted that
-1(d/dpM)Sp (p) = e~ Sp(p)Vi(p, p)Sp(p) 5 VIII 1.1
and assumed that differentiation commuted with the integration over the independent 
internal momenta of graphs so that
a2*(p)/äp„ = e "  V " (pp) . 1.2-1 *
where E** is the sum of all proper SE parts, V i^ '(p,,p') is the sum of all properP-2 2vertex parts with p' , p" unspecified. (A 'proper' graph cannot be separated 
into two disconnected parts by the omission of a single line). The calculation 
methods in use at the time introduced infinite quantities such that the finite 
parts were given by
V ‘“(pp) = Ly + Finite [V Ä (pp) ]
and 2* (p)
P- w P-
A - S ~1(p)B + Finite [S*(p)] .
1.3
1.4
Ward substituted 1,3 and 1.4 in 1.2 to 'prove' that B = L. Of far greater 
import is the other formula derivable relating the finite parts. [VYard's term­
inology the "renormalised*1 parts]-
(d/dp ) Finite 2^(p) = e"”" Finite V ^ (pp)P- P*
2The coefficients of e in these expressions are 




-1 „ irFinite e V (pp) : rad V (pp) = y R(0) + i(p /m)S(o) « U 7
2 2 2where the quantities 2 (p) and rad V (pwp*) for = p 1' = p*~ were calculated
h
( ?in Chapter III by dispersion theoretic methods, in the photon gauge a, where a
specifies the value of photon lines as
6 + (a-l) k k /V[J.V v ' p, v _
Ppv v * “ •H1+CM
i1
( rad V  (p^p*) k p = ru R (Q ) + 1 pij'




We proved [see III 4.12] that as p‘ 
a. We also calculated
8(0) = - 4
-m rad V (p1* p*) is independent ofI*
1.11
and noted that one can circumvent the infra-red (IR) divergence in R by introducing 
photon mass jx so that
0] R(0) =S(o; p2 = -m2
„2 /  2 M < m
Lim [ jj, — H
or otherwise more elegantly, and without ambiguity!
Lim [ M--^m]R(0) = S(c)*, -p2 =
In III Section 3 we proved that 2(p) is
2 2(i) free of IR divergence for p' / -m , and
(ii) a gauge dependent quantity. Explicitly we determined the finite spectral 
weights a, of the DR
1.12
1.13
2(p) i(p2 + m2)
2 ^
2 iyp ) + m ^
L 2 2 ‘ ~~p + jj, — is
1.14
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^he derivative of 2(p) is
a^(p)/apix = F(p) + 2ip^ G-(p) + 2ipL, Ii(p) y 1.15
Hv)
/»OO
= - (p 2 4. m2) l
cf m2
o °1 (^2)dll1- — ---------1 2 2 .  3p + [i - is
1.16
&(P) Jdp2 iYP ^(^2) + m o2(^9) 2 2p + |i - ie 1.17
H(p) dji
2 2 2 2 2 iYP ) + ni cr2(^' ) P + m
2 2p “ + [L - ie 2 2p + ji ie
1.18
We hav3 restricted consideration to p * on the uncut portion of the real axis
2 2 2i. e. 9 - p = M <C m 1.19
In this region the above differentiation is strictly valid.
Now the vertex function rad V (pHp ‘) is defined between 'coverings' 
u (p‘) such that
u (p”)*
(iyp* + &)u (p ') = 0




Hence in order to test 1.7 using the above rad V (pp) we must likevd.se give 
P, G-, and H coverings, i.e., put
iyp = - M 1.23
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F i r s t ,  by 3 .18b
F (p ) = -  (p 2 + m2) J P (a + 5 )e 2/l6 T i2dpi 2 / 2  2sP- (P + M- )
~ (a + 3 )[e £" /1G'n:^ ] ( p 2 + m2) lo g  (p^ + m^)/m2
1 .2 4
1 .2 5
2 20 a s  p + m — ^  0 1 .26
Thus th e  c o e f f i c i e n t s  o f  y on b o th  s id e s  o f  1 .7  a re  eq u a l i n  t h i s  l i m i t .
A b r i e f  ex am in a tio n  shows th a t  i n  g e n e ra l A and B d iv e rg e  a s  M —►* m. For 
conven ience i n  check ing  t h i s  p o in t ,  we have p u t down th e  a p p ro p r ia te  p a r t i a l  
f r a c t io n s  i n  A ppendix  1 . However, i n  th e  gauge a = 5 » i n  w hich by I I I  3 ,18  th e  
s p e c t r a l  w e ig h ts  a re
2 2 2/ 2\ f  2\ e -5M- + 5m
° ifc  > -  °2(|i > = ~  -j; ^ -16h p,





th e  i n t e g r a l s  G-(p) and Ii(p) have a f i n i t e  l i m i t  a s  m
- oo
a (p )  = M I d jf
M. I n  f i n e  -





5 = -  (m ~ ll)
/.OO
1 2 c 2 (.U-2 )
where 1 ^ 1 .2 9
J m* p + IX
As m -  M = m r 2 / 2-  Lm -  (m
2.-,1 /2  
+ P )J 1 .50
1
= 2 (m + p ) ............... .... 1 .3 1
2 o 2 2 1
6 ^  (m2 + p ) lo g  [ ( p 1“ + m )/m  ]
167 ,
2 20 a s  p + m 1 .3 3






o 2 22 p. -  m
4- f  2 2x 
H (P + V> )
1.34-
2 2
-5 k e ‘~ ( -1 _  , p "  + n
2 ( 2 2 loft N p p
lo g
2 2 v
P + m ) 
. 2  )
1 .3 5 a
16ft2m
1 .35b
The o th e r  c o e f f i c i e n t  to  be d e te rm in e d  i n  t h i s  gauge i s
H(p) = M(p2+m2) j p -  «p(P-2)V -k— r r — +5 i2 (p 2 + p2) 2 5 1.36
ke r ^ (m-lvi) (p%-m2) i dp,2 2c 0(h “)/ 2 2v2(p + H ) 1 .3 7
(m-M) (p 2+m2) [  (p^+m2) ^ + lo g  (p 2+m2) ] 1 .3 8
2 2->• 0 a s  p + m
Thus H(p) can be e v a lu a te d  u s in g  th e  p a r t i a l  f r a c t i o n  A 1 .5  as
2 1 / 4  2 _ 2  2 2 . . . 2 /  4
H(p)
- 5  A  ( -  ( p 2+m2 ) / p  p ‘~-2m^ m V )
.. 2 ( 2 2 + 6 ■L° to 2 + 2 ) 16n; x p + m  p m m '
1 .3 9
2 20 a s  p + m
?UMuud "fo conclude  5 I n  th e  gauge a = 5» iy p  = M m*, M — m we c a lc u la te d ;
82(p)/8p , i;  e (-1 0 ) 1.4C
2“  16*2
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r a d  (pp)
2 ip
2111 16n2
( 2) 1 .4 1
T h e re  lias been  no am b igu ity  w ith  r e g a rd  to  th e  l i m i t  p ro c e s s  u se d . Thus we a re  
l e d  to  deny Ward’ s  i d e n t i t y ,  when e x p re s se d  i n  th e  form
3 2 (p ) /a p ^  = r a d  (pp) ^ 1 .4 2
w hich i s  an  in s ta n c e  o f  th e  g e n e ra l form
(a /d p  ) F i n i t e  2^ (p ) = e~*'L F i n i t e  V Ä (pp)jx |x 1 .4 3
2. C ounterexam ple R e -e v a lu a te d .
The r e a d e r  may su sp e c t t h a t  th e  c a l c u la t io n  o f  th e  p re v io u s  S e c t io n  depended 
c r i t i c a l l y  on  o u r a n a ly s i s  o f  I I I  S e c t io n  3 w here we showed t h a t  th e  u su a l IR  
d iv e rg e n c e  i n  e le c t r o n  SE p a r t  2  (p) was s p u r io u s . To show t h a t  t h i s  i s  n o t th e  
c a s e ,  we r e c a l c u l a t e  5 S (p ) /5 p  u s in g  th e  Lehman form o f  DR
S(p) 3p (p) -  i J 2 2 2 iY P P ^  ) + mP2 (P- )L -  2p + jx -  i s V III  2 .1
th e  s p e c t r a l  w eig h ts  p ^ , p 0 a re  g iv en  i n  I I I  3.25* We showed th a t  2 .1  i s  e x a c t ly
th e  d is p e r s io n  t h e o r e t i c  ana logue  o f  th e  u s u a l  approach  l  th e  c o e f f i c i e n t  o f
( iy p  -  m) has  an IR  d iv e rg e n c e , w h ile  th e  rem a in d er i s  f r e e  o f  IR  d iv e rg e n c e  and
has th e  u s u a l  v a lu e . What we a re  g o ing  to  show i s  t h a t  th e  c o e f f i c i e n t  o f  p in
d 2 (p )/8 p  i n  f a c t  depends o n ly  on th e  p a r t  o f  S (p) t h a t  i s  f r e e  o f  IR  d iv e rg e n c e . 
P*
T aking  2 .1  a s  a s t a r t i n g  p o in t ,
oo
2(p ) - i
2 S jT ^ P ) iYPSjT^P) PpCp2) +raSF~ 2 (p) p2 (ix2)
2 2p + [i -  i s
2 .2
-1
(p) i ( i y p  + m)ö?e r e c a l l  -t k arf 2 .3
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fit'* cc ö“  (p ) ±YP S- 1 (p) = -Yj_, iTpS 1 (p) -  S"1 (p)iYPYli + ip ^ j T ^ p )  
h
= + ip^ S / 2 (p) ,
2 .4
2 .5
•5— SF” 2(p) = -  (±yp + m)D-Y^  -  iY1J((iYP + m)
On m ass s h e l l  p ä
2 iP|x * 2 i%




Hence on t h i s  mass s h e l l  [ s e c t io n  1 g iv e s  a more d e t a i l e d  and e x p l i c i t  fo rm u la tio n ]
2 2 ip  [p 1 (n 2)+P2(iJ.2) ]  + ±Y,l[ p 2P1 (lj2 )-2 ir2p2( |i2) j
a2 ( p ) / 8p,
- b
2 2p + \i~ -  i s
2 .9
I n  t h i s  e x p re s s io n  th e  c o e f f i c i e n t  o f  has an IR  d iv e rg e n c e . However, th e
2 2 2 2c o e f f i c i e n t  o f  p in v o lv e s  p_ (p, ) + p ( j j l  ) = a (ji ) -  a (n- ) 2 .10
{-l X t i  ’ X c . 3
[ i l l  3 .27 ] so t h a t  i n  th e  n o ta t io n  o f  th e  p re v io u s  S e c t io n ,  e s p e c i a l l y  1.37*
a s ( p ) /3 p , t = 2 ip [t G(p) , 2 .11
G-(p) i s  f r e e  o f  IR  d iv e rg e n c e  i n  gauge a = 5* whence
p .2
92(p ) /a p = -2 ip  + r  (00) . 2 .12
 ^  ^ I671 m ^
We found  i n  I I I  S e c t io n  4  t h a t  f o r  p 2 = -  m2 j
rad V (pp) = -  ip  ----p-
P 1 8js m
2 .13
The r e la t io n s h ip  i n  q u e s tio n  C S  t 3S(N/dpii = r a d  V (pp) . 2 .1 4p, h
ß n c e  more we see  t h a t  even th o s e  te rm s on bo th  s id e s  w hich a re  f r e e  o f  
IR  d iv e rg e n c e  d i f f e r  s u b s t a n t i a l l y .
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Summary and C o n c lu sio n ,
We p ro v ed  t h a t  Ward*s i d e n t i t y  f o r  f i n i t e  SE and V p a r t s l  
F i n i t e  5SÄ(p ) /ö p  = F i n i t e  e*-'1' V ** (pp)p, p, 7 V III  3 .1
does n o t h o ld ,  by c o n s id e r in g  th e  p a r t i c u l a r  coun terexam ple
3 2 (p )/5 p  £  r a d  V (pp) ,
r  r
2 2A s u f f i c i e n t  p ro o f  o f  3*2 came from  o u r d e te rm in a tio n  th a t  -p  —V» m ,
3*2
r a d  V (pp) i s  gauge in d e p e n d e n t, w h ile  2 (p )  and hence a ls o  5 S (p ) /d p  t i s  gauge
d ep en d e n t. As t h i s  argum ent m ight n o t seem c o n c lu s iv e  by v i r t u e  o f  th e  i n f r a - r e d
d iv e rg e n c e s  i n  d E (p )/dp  , we allowed i n  S e c t io n  I  t h a t  i n  th e  gauge a = 5 w here,
2 2 2betw een ’’c o v e r in g s ” d Z (p )/9 p  was f i n i t e  f o r  -p  = Mfc<s m  i n  th e  l i m i t  M— ► m
SJ*
th e  f i n i t e  e g r e s s i o n s  ö E (p ) /5 p  and r a d  V (pp) d i f f e r e d  i n  th e  c o e f f i c i e n t  o fjl, jx
p • As a p e d a n t ic  e x e r c i s e ,  we showed in  S e c t io n  2 t h a t  th e  same r e s u l t  can be 
d e r iv e d  i n  th e  d is p e r s io n  -  t h e o r e t i c  an a lo g u e  o f  th e  u s u a l  tre a tm e n t o f  e le c t r o n  
SE p a r t  w h ere in  a sp u r io u s  IR  d iv e rg e n c e  i s  p r e s e n t .
I t  i s  v e ry  i n t e r e s t i n g  to  n o te  th atCalam and D elbourgo (1964) and S tra th d e e  
(1964) u sed  th e  Y/aryl*Takahashi i d e n t i t y .
Sw’’1 ( p H) -  S/ 1 = -  e” 1 ( p ’^ p O p  V ^ ( p ”? * )  5 3.3F w  '  F
i n  t h e i r  c e l c u la t io n s  o u ts id e  o f  g rap h  th e o ry ,  o f  e le c tro d y n a m ic s .
I t  m ust f i n a l l y  be  s t r e s s e d  th a t  i t  i s  n o t n e c e s s a ry  t h a t  Ward’ s i d e n t i t y  in  
form  3 .2  sh o u ld  alw ays f a i l .  I t  w ould b e  i n t e r e s t i n g  to  examine th e  two graphs
9/8p ^  J L i m [ Q Ä — k O ]  P i
N
3.4
p + k Q
inhere dou b le  l i n e  is\#n p o n , s in g le :  e l e c t r o n .  The f i r s t  o f  th e s e  i s  gauge in v a r i a n t
A A
due to  th e  gauge independence  o f  D and  in  p a r t i c u l a r  th e  two e l e c t r o n  lo o p . I t sgv
b ra n c h  c u t s t a r t s  a t  (ivi + 2friQ) ^ , so t h a t  i t s  e x a c t b eh av io u r w ould be i n t e r e s t i n g  
to  exam ine. The second  i s  w ell known and g iv e s  one o f  th e  te rm s o f  th e  anomalous
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m a g n e tic  moment o f  th e  meson c a l c u la te d  by P ete rm an  ( I 9 r>7) and by  S u u ra  and 
Wickman (195*7)»
F o o tn o te d
A c lo s e  a n a ly s is  o f  th e  parser by Som m erfieid [Ann Phys (N.Y•) j j  26 (1957)] 
may sh ed  some c o n s id e ra b le  l i g h t  on our c a l c u la t io n  : Som m erfieid c a lc u la te d
Schw inger*s mass o p e ra to r  f o r  an e l e c t r o n  i n  a c o n s ta n t e x te rn a l  f i e l d ,  and 
i d e n t i f i e d  th e  m agnetic  moment as  t h a t  p a r t  o f  th e  e x p e c ta t io n  v a lu e  o f  t h a t  
o p e r a to r  l i n e a r  in  th e  e x te rn a l  f i e l d .  T h is  p ro c e d u re  seems v e ry  much a k in  to  
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